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Abstract. We exhibit stable finite time blow up regimes for the energy critical 
co-rotational Wave Map with the S 2 target in all homotopy classes and for the 
critical equivariant SO(4) Yang-Mills problem. We derive sharp asymptotics on 
the dynamics at blow up time and prove quantization of the energy focused at 
the singularity. 



1. Introduction 

In this paper, we study the dynamics of two critical problems: the (2 + 1)- 
dimensional Wave Map and the (4 + l)-dimensional Yang-Mills equations. These 
problems admit non trivial static solutions (topological solitons) which have been 
extensively studied in the literature both from the mathematical and physical point 
of view, see e.g. [2], [3], [H], [13], [30], 05], gZj. The static solutions for the (WM) are 
harmonic maps from M. 2 into S 2 C M 3 satisfying the equation 

-A<3? = $|V$| 2 

They are explicit solutions of the 0(3) nonlinear cr-model of isotropic plane ferro- 
magnets. For the (YM) equations a particularly interesting class of static solutions 
is formed by (anti) self-dual instantons, satisfying the equations 

F = ± *F 

for the curvature F of an so(4)-valued connection over IR 4 . The 4-dimensional 
euclidean Yang-Mills theory forms a basis of the Standard Model of particle physics 
and its special static solutions played an important role as pseudoparticle models 
in Quantum Field Theory. 

The geometry of the moduli space of static solutions has been a subject of a 
thorough investigation, see e.g. [46j,[lJ,[TT],[T2]. In particular, the moduli spaces 
are incomplete due to the scale invariance property of both problems. This gave rise 
to a plausible scenario of singularity formation in the corresponding time dependent 
equation which has been studied heuristically, numerically and very recently from 
a mathematical point of view, [5j,[14j,|20j,|21j,|34j,|23j and references therein. 

The focus of this paper is the investigation of special classes of solutions to the 
critical (2 + l)-dimensional (WM) and the critical (4 + l)-dimensional (YM) de- 
scribing a stable (in a fixed co-rotational class) and universal regime in which an 
open set of initial data leads to a finite time formation of singularities. 

The Wave Map problem for a map $ : R 2+1 — > § 2 C M 3 is described by a 
nonlinear hyperbolic evolution equation 

<9 f 2 $ - A$ = $ (|V$| 2 - |<%$| 2 ) 
l 
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with initial data $ : ^ 2 -> § 2 and d t ®\ t =a = $1 : M 2 -> T$ § 2 . We will study 
the problem under an additional assumption of co-rotational symmetry, which can 
be described as follows. Parametrizing the target sphere with the Euler angles 
<]? = (0, u) we assume that the solution has a special form 

S(t,r,9) = k9, u(t,r,9) = u(t,r) 

with an integer constant k > 1 - homotopy index of the map &(t, •) : M? — > S 2 . 
Under such symmetry assumption the full wave map system reduces to the one 
dimensional semilinear wave equation: 

d 2 u-d 2 u-^ + k 2S -^± = 0, k>l, (t,r)eRxR+, fceN*. (1.1) 
r It 

Similarly, the equi variant reduction, given by the ansatz, 

Ag = (£^-£s*) 1 ~ff' r) 1 

of the (4 + l)-dimensional Yang-Mills system 

F a p = d a Ap - dpA a + [A a , Ap], 

dpF^ + [Ap,F^]=0, a, = 0,..., 3 

for the so(4)-valued gauge potential A a and curvature F a p, leads in the semilinear 
wave equation: 

% u _ Q 2 T u - ^ - 2U{1 ~ = 0, (t, r) G M x R + . (1.2) 
The problems (11.11) and (11.21) can be unified by an equation of the form 

/I \ r with f = gg (1.3) 

and 

J ain(u), kN* for (WM) 
9(u >-\ \{l-u 2 ), k = 2 for (YM). 

(|1.3p admits a conserved energy quantity 

E(u, d t u) = ({d t uf + \d r u\ 2 + k 29 ^^j 
which is left invariant by the scaling symmetry 

u x (t,r) = u(-,j), A>0. 

The minimizers of the energy functional can be explicitly obtained as 

1 - r 2 

Q(r) = 2tan" 1 (r fc ) for (WM), Q(r) = 5 for (YM), (1.4) 

1 + r z 

and their rescalings which constitute the moduli space of stationary solutions in the 
given corotational homotopy class. 

A sufficient condition for the global existence of solutions to (|1.3p was established 
in the pioneering works by Christodoulou-Tahvildar-Zadeh [8], Shatah-Tahvildar- 
Zadeh [36], Struwe [40]. It can be described as folllows: for smooth initial data 
(uo,Vq) with E(uq,Vq) < E(Q), the corresponding solution to (|1.3p is global in time 
and decays to zero, see also [10]. More precisely, it was shown that if a singularity 
is formed at time T < +oo, then energy must concentrate at r = and t = T. This 
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concentration must happen strictly inside the backward light cone from (T, 0), that 
is if the scale of concentration is A(i), then 

A(t) ■ as t^T. (1.5) 



r-t 



Note that the case X(t) = T — t would correspond to self-similar blow up which is 
therefore ruled out. Finally, a universal blow up profile may be extracted in rescaled 
variables, at least on a sequence of times: 

u(t n , \{t n )r) —¥ Q in H} oc as n — > +oo. (1.6) 

These results hold for more general targets for (WM) with Q being a non trivial 
harmonic map. In particular, this implies the global existence and propagation of 
regularity for the corotational (WM) problem with targets admitting no non trivial 
harmonic map from IR 2 . Very recently, in a series of works [42J,[43J,|38J,[39],[19J, 
this result has been remarkably extended to the full (WM) problem without the 
assumpion of corotational symmetry, hence completing the program developed in 

EE, 1151,1311, HH,I3F 



These works leave open the question of existence and description of singularity 
formation in the presence of non trivial harmonic maps, or the instanton for the 
(YM). This long standing question has first been addressed through some numerical 
and heuristic works in |4j,[5],[14|,|31J,|37J. In particular, the blow up rates of the 
concentration scale 

A(i) ~ B T ~\, 1 for (YM), 
|log(T-t)|2 

A(t) ~ A(T* - t) e -v^M for (WM) with k = 1 

with specific constants A, B have been predicted in a very interesting work [5j and, 
a very recent, [37] respectively. 

Instability of Q for the k = 1 (WM) and (YM) was shown by Cote in [9j. A 
rigorous evidence of singularity formation has been recently given via two different 
approaches. In p2], Rodnianski and Sterbenz study the (WM) system for a large 
homotopy number k > 4 and prove the existence of stable finite time blow up 
dynamics. These solutions behave near blow up time according to the decomposition 

u(t,r) = (Q + e)(t, ^y) with \\e,d t e\\ AlxL2 < 1 (1.7) 
with a lower bound on the concentration: 

T — + 

X(t) ^0 as t -> T with A(t) > 



i 



|log(T-t)|4 

In [20], [21], Krieger, Schlag and Tataru consider respectively the (WM) system for 
k = 1 and the (YM) equation and exhibit finite time blow up solutions which satisfy 
CUT} with 

A(t) = (T — t) u for (WM) with k = 1, 

A(t) = (T — i)|log(T - t)\~ v for (YM) (L9j 

for any chosen v > |. This continuum of blow up solutions is believed to be non- 
generic. 
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1.1. Statement of the result. In this paper, we give a complete description 
of a stable singularity formation for the (WM) for all homotopy classes and the 
(YM) in the presence of corotational/equivariant symmetry near the harmonic 
map/instanton. The following theorem is the main result of this paper. 

Theorem 1.1 (Stable blow up dynamics of co-rotational Wave Maps and Yang- Mills). 
Let k > 1. Let Ti 2 a denote the affine Sobolev space (|1.18|) . There exists a set O of 
initial data which is open in TC^ and a universal constant c& > such that the fol- 
lowing holds true. For all (uq,vq) G O, the corresponding solution to (|1.3p blows 
up in finite time < T = T(uq,vo) < +oo according to the following universal 
scenario: 

(i) Sharp description of the blow up speed: There exists X(t) S C 1 ([0, T), such 
that: 



u(t,X(t)y) 
with the following asymptotics: 

X(t) = c k (l + o(l))- 



Q in H^ loc as t —>T 



T-t 



X(t) 
X(t) 



(T-t)e 
c 2 (l + o(l)) 



iog(r-i)|2*=i 

y/\\0g(T-t)\+0(l) 

T-t 



Moreover, 



b(t) := -X t (t) 



|log(T 
X(t) 



t) 



as t — > T for k > 2, 

as t — > T for k = 1. 
as t^T for (YM). 



(1.10) 



(1.11) 



(1.12) 



(1 +o(l)) as t^T 



(ii) Quantization of the focused energy: Let TL be the energy space (11.151) . then there 
exist (u*,v*) & TL such that the following holds true. Pick a smooth cut off function 
X with x(y) = 1 for y < 1 and let x i (y) = xiH^v), then: 



bit) 



lim 



u(t, r) 



b(t) 



X(t) 



H 



Moreover, there holds the quantization of the focused energy: 
E = E(u,d t u) = E(Q,0) + E(u* ,v*). 



= 0. 
(1.13) 

(1.14) 



This theorem thus gives a complete description of a stable blow up regime for all 
homotopy numbers k > 1 and the (YM) problem, which can be formally compared 
with the k = 2 case of (WM). Stable blow up solutions in O decompose into a 
singular part with a universal structure and a regular part which has a strong limit 
in the scale invariant space. Moreover, the amount of energy which is focused by 
the singular part is a universal quantum independent of the Cauchy data. 



Comments on the result 



1. k = 1 case: In the k > 2 and (YM) case, the blow up speed X(t) is to leading 
order universal ie independent of initial data. On the contrary, in the k = 1 case, 
the presence of the factor in the blow up speed seems to suggest that the law 
is not entirely universal and has an additional degree of freedom depending on the 
initial data. In general, the analysis of the k = 1 and to some extent k = 2 problems 
is more involved. In particular for k = 1, the instability direction rd r Q driving the 
singularity formation misses the L? space logarithmically. This anomalous logarith- 
mic growth is fundamental in determining the blow up rate. On the other hand, this 



5 



anomaly also adversely influences the size of the radiation term which implies that 
there is only a logarithmic difference between the leading order and the radiative 
corrections. This requires a very precise analysis and a careful track of all logarith- 
mic gains and losses. In the case of larger k, these gains are polynomial and hence 
the effect of radiation is more easily decoupled from the leading order behavior. In 
this paper, we adopted a universal approach which simultaneously treats all cases. 

2. k = 2 case: The analysis of the k = 2 case for the (WM) problem is almost 
identical to that required to treat the (YM) equations. In what follows we will 
subsume the (YM) problem into the k = 2 regime of (WM), making appropriate 
modifications, caused by a small difference in the structure of the nonlinearities in 
the two equations, in necessary places. 

3. Regularity of initial data: The open set O of initial data described in the 
theorem contains an open subset of C°° data coinciding with Q for all sufficiently 
large values of r > R. As a consequence, the main result of the paper in particular 
describes singularity formation in solutions arising from smooth initial data. This 
should be compared with the results in |20J,|21J where solutions, specifically con- 
structed to exhibit the blow up behavior given by the rates in (|1.9p . lead to the 
initial data of limited regularity dependent on the value of the parameter v and 
degenerating as v — ► | . 

4- Comparison with the 1? critical (NLS): This theorem as stated can be com- 
pared to the description of the stable blow up regime for the L 2 critical (NLS) 



see Perelman [32] and the series of papers by Merle and Raphael [25], |26j, |33j, 
[27j . [28] . |29| . There is a conceptual analogy between the mechanisms of a stable 
regime singularity formation for the critical (WM) and (YM) problems and the L 2 
critical (NLS) problem. For the latter problem the sharp blow up speed and the 
quantization of the blow up mass is derived in [27], [2H], [2H]- The concentration 
occurs on an almost self-similar scale 



In both (WM), (YM) and the L 2 critical (NLS) problems self-similar singularity 
formation is corrected by subtle interactions between the ground state and the ra- 
diation parts of the solution. The precise nature of these interactions, affecting the 
blow up laws, depends in a very sensitive fashion on the asymptotic behavior of the 
ground state: polynomially decaying to the final value for the (WM) and (YM) and 
exponentially decaying for the (NLS), see also [22] for related considerations. This 
dependence becomes particularly apparent upon examining the blow up rates for 
the (WM) problem in different homotopy classes parametrized by k. For k = 1 the 
harmonic map approaches its constant value at infinity at the slowest rate, which 
leads to the strongest deviation of the corresponding blow up rate from the self- 
similar law. 

5. Least energy blow up solutions: The importance of the k = 1 case for the 
(WM) problem is due to the fact that the k = 1 ground state is the least energy 
harmonic map: 



iu t + Au + u\u\N =0, (t, x) G [0, T) x R , N > 1 




E(Q) = 4irk. 
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A closer investigation of the structure of Q for k > 2 shows that this configuration 
corresponds to the accumulation of k topological charges at the origin r = 0. For the 
full, non-symmetric problem, we expect such configurations to split under a generic 
perturbation into a collection of k = 1 harmonic maps and lead to a different 
dynamics driven by the evolution of each of the k = 1 ground states and their 
interaction. 

From this point of view the stability of the least energy k = 1 configuration under 
generic non-symmetric perturbations is an important remaining problem. 

1.2. Functional spaces and notations. For a pair of functions (e(y), cr(y)), we 
let 



e,cr 



\n 



a 2 + (d y e) 2 + 



ir 



(1.15) 



define the energy space. We also define the TL 2 Sobolev space with norm: 



e,CT 



\n 2 



e,cr 



\H 



+ 



(Ml 

y 2 



+ (V) 2 + 



for k > 2, (1.16) 



e,o- 



Iw* = \\{£,<r)\\H+ 
and a related norm, in the relevant case of a = dte, 



W + ( + - 2 



+ I \ (d y e - - 

y <i y 2 V v 



\He\ 



for k = 1. 



(1.17) 



,.^1^ + 11(^6,0)1^ 

where H is the linearized Hamiltonian defined in (|1.25p . Observe that (|1.15p . (|1.16|) . 
(|1.17|) and (|1.17p require vanishing of (e, a) at the origin. 
We then define an affine space 

j2 - n 2 + q. 



1.18 



We denote 



(f,g) = I f9= j f(r)g(r)rdr 



the L 2 (R 2 ) radial inner product. We define the differential operators: 

Af = yVf (^scaling), Df = f + yVf (L 2 scaling) 
and observe the integration by parts formula: 

(Df,g) = -(f,Dg), (Af,g) + (AgJ) = -2(f,g). 
Given / and A > 0, we shall denote: 

fx(t,r) = f(t,j) = f(t,y), 
and the rescaled variable will always be denoted by 



y 



A' 



For a time-dependent scaling parameter X(t) we define the rescaled time 

rt dr 



io A 2 (r) 

We let x be a smooth positive radial cut off function x( r ) = 1 for r < 1 and 
for r > 2. For a given parameter B > 0, we let 

Xb(t) = x(^)- 



(1.19) 
(1.20) 



X(r) = 
(1.21) 
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Given b > 0, we set 

-Bo = — ; =, B c = -, B\ = f . (1-22) 

b^3jy X (y)dy b b 

1.3. Strategy of the proof. We now briefly sketch the main ingredients of the 
proof of Theorem 11.11 

Step 1 The family of approximate self similar profiles. 

We start with the construction of suitable approximate self-similar solutions in 
the fashion related to the approach developed in [26], [28]. Following the scaling 
invariance of (|1.3p . we pass to the the self-similar variables and look for a one 
parameter family of self similar solutions dependent on a small parameter b > 0: 

u{t,r) = Q b (y), V = J^j, X(t) = b(T-t). 



This transformation maps (II. 3h into the self-similar equation: 

- Av + b 2 DAQ b + k 2 ^$- = (1.23) 

where the differential operators A,D are given by (11.191) . A well known class of 
exact solutions are given by the explicit profiles: 

Q h [r) = Q (- ^== ) , r < 1 



l + Vl-b 2 r 2 J ' _ b 

These solutions were used by Cote to prove that Q is unstable for both (WM) and 
(YM), [9]. A direct inspection however reveals that these have infinite energy due 
to a logarithmic divergence on the backward light cone 

r = (T — t) equivalently y = —. 

This situation is exactly the same for the I? critical (NLS), [26], and reveals the 
critical nature of the problem. Note that in higher dimensions finite energy self- 
similar solutions can be shown to exist thus providing explicit blow up solutions to 
the Wave Map and Yang-Mills equations, [35], [I]- 

In order to find finite energy suitable approximate solutions to (II .23|) in the vicinity 
of the ground state Q we construct to a formal expansion 

Q b = Q + Z p i=l b 2 %. 

Substituting the ansatz into the self-similar equation (|1.23p . we get at the order b 21 
an equation of the form: 

HT % = Fi (1.24) 

where 

H = -A + k 2 ^$- (1.25) 

y z 

is obtained by linearizing (I1.23P on Q (setting 6 = 0) and Fj is a nonlinear expression. 
The solvability of (|1.24l) requires that Fi is orthogonal to the kernel of H, which is 
explicit by the variational characterization of Q: 

Ker(H) = span(AQ) (1.26) 

and hence the orthogonality condition: 

(F h AQ)=0. (1.27) 
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While the condition (|1.27l) seems at first hand to be a very nonlinear condition, it 
can be easily checked to hold due to the specific algebra of the H 1 critical problem 
and its connection to the Pohozaev identity. In fact, if = Q + TP i=l b 2t Ti is the 
expansion of the profile to the order p, then (|1.27p holds as long as the Pohozaev 
computation is valid: 

(-AQP + b 2 DAQP + k 2 ^^-,DAQ { A (1.28) 



lim 

R-^+oo 



||rAQ^(i?)| 2 + ^| 5 (Q^(i?)| 2 



0, (1.29) 



T p (y) ~ — for p=^— , k odd, (1.30) 



T p (y) ~ cjt for p = — , k even. (1.31) 



see step 2 of the proof of Proposition 13.11 section 13.21 By a direct computation, 
F\ ~ DAQ ~ ^ as y — > +oo and at each step, the inversion of (|1.24|) dampens 

the decay of Tj+i at infinity by an extra y 2 factor, and hence the validity of (11, 29ft 
comes under question after p steps, for as y — > oo: 

c k r k-1 
2 

k 
2' 

In fact (|1.30|) . (|1.3ip will result in a universal nontrivial flux type contribution to 
(|1.28|) . Moreover, T p is the first term which gives an infinite contribution to the 

energy of the approximate self-similar profile Qi'\jm)- T p is the radiation term 

which becomes dominant in the region y>\~ exterior to the backward light cone 
from a singularity at the point (T, 0). We therefore stop the asymptotic expansion 
at and localize constructed profiles by connecting Qb to the constant a = Q(+oo), 
which is also an exact self-similar solution: 

P Bl =XB 1 Qb + (l-XB 1 )a, £ 1 = ra»I (L32 ) 

where \b x = 1 for y < J3i, xb± = for y > 2B\. Pb 1 satisfies an approximate 
self-similar equation of the form: 

- AP Bl + b 2 DAP Bl + k 2 ^§^ = * Bl (1.33) 

where is very small inside the light cone y < \ but encodes a slow decay near 
B\ induced by the cut off function and the radiative behavior of T p at infinity. 

Step 2 The H 2 type bound. 

Let now u(t, r) be the solution to (|1.3|) for a suitably chosen initial data close 
enough to Q. Given the profile Pb x , we introduce, with the help of the standard 
modulation theory, a decomposition of the wave: 

u(t,r) = P Bl{t) (^) +w(t,r) 

or alternatively 

r ds i 

u(t,r) = (P Bl{t)+ e)(s,y), y = — , - = - 



^We will in fact also need the next term T p +i in the expansion. Its construction will be made 
possible thanks to a subtle cancellation, see step 4 of the proof of Proposition 13.11 



with B\ given by (|1.32l) and where we have set the relation 

b(s) = -y = -A t . (1.34) 

The decomposition is complemented by the orthogonality condition^ 

Vs>0, (e(a),AQ) = 

as is natural from (|1.26p . Our first main claim is the derivation of a pointwise in 
time bound on e 

\\e\\H<b k+1 (1-35) 

in a certain weighted Sobolev space 7i. The norm in the space Ti. is given by the 
expression 

||e||^ = |i/e|| 2 + ||(a t e,0)|^. (1.36) 

and is based on the linear Hamiltonian H associated with the ground state Q, 
see (|1.17|) . We note in passing that, after adding the norm ||(e, 9te)||^, for k > 2 
this norm is equivalent to the H 2 norm introduced in (|1.17|) . There are however 
subtle differences in the corresponding norms in the case k = 1, connected with the 
behavior for y > 1. 

Bounds related to (|1.35p but for a weaker norm than H and with b k+1 replaced by 
b 4 were derived in [34] for higher homotopy classes k > 4. They were a consequence 
of the proof of energy and Morawetz type estimates for the corresponding nonlinear 
problem satisfied by w. The linear part of the equation for w is given by the 
expression 

d 2 w + H\w 

with the Hamiltonian 

H x = -A + ^± (1.37) 

Special variational nature of Q, discovered in [2], provides an important factorization 
property for Hy. 

H X = A* X A X , A x = -d r + k^Q±. (1.38) 

It arises as a consequence of the fact tha|] Q represents the co-rotational global 
minimum of energy V[3>] in a given topological class of maps <3? : M 2 — > § 2 of degree 
k. 



Vm = \ I (V^-V^) dx, 
1 Jr? 



which can be factorized using the notation £jj for the antisymmetric tensor on two 
indices, as follows: 



y[$] = - [ \(di$ ± eM x &•$) • (s** ± e ij § x &$ 

4 J R 2 L 

± I ! • (di$ x fy®) dx , 
(di$ ± ej® x dj§) ■ {d% ± e ij <S> x &;$ 



(1.39) 



2 The actual orthogonality condition is defined with respect to a cut-off version of AQ. 
3 We restrict this discussion to the (WM) case. Similar considerations also apply to the (YM) 
problem, [6] 
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from which it is immediate that an absolute minimum of the energy functional V[§>] 
in a given topological sector k must be a solution of the equation: 

d i $±e i j $ x dj$ = . (1.40) 

The ground state Q is precisely the representation of the unique co-rotational solu- 
tion of (OOll . 

In [M] factorization (|1.38|) gave the basis for the H 2 and Morawetz type bounds for 
w, obtained by conjugating the problem for w with the help of the operator A\, so 
that 

A x H x w = H x {A x w) 

with H\ = A\A* X , and exploiting the space-time repulsive properties of H x to derive 
the energy and Morawetz estimates for A\w. Simultaneous use of pointwise in time 
energy bounds and space-time Morawetz estimates however runs into difficulties in 
the cases k = 1, 2, which become seemingly insurmountable for k = 1. 

We propose here a new approach, still based on the factorization of H x , yet relying 
only on the appropriate energy estimates for the associated Hamiltonian H Xl which 
retains its repulsive properties even in the most difficult cases of k = 1,2. We note 
that ||e||& norm introduced above can be conveniently written in the form 

\\e\\% = X 2 (H x A x w,A x w) + X 2 \\(d t w,0\\ 2 H . 



One difficulty will be that the bound (I1.35P is not sufficient to derive the sharp 
blow up speed. The size b k+1 in the RHS of f j 1 . 3 5 [) is sharp and is induced by a 
very slowly decaying term in in (|1.33|) . which arises from the localization of the 
profile Qb- Such terms however are localized on y ~ B\ » | far away from the 
backward light cone with the vertex at the singularity. Another crucial new feature 
of our analysis here is a use of localized energy identities. It is based on the idea of 
writing the energy identity in the region bounded by the initial hypersurface t = 
and the hypersurface 

r = 2——, equivalents y = —-- 
b{t) b(t) 

which, under the bootstrap blow up assumptions, is complete (the point r = is 
reached at the blow up time) and space-like. Such an energy identity effectively 
restricts the error term to the region y < 2/6, where it is better behaved, and 
leads to an improved bound: 

b k+i 

l|e|l ^!)-M' (L41) 

see Proposition 16.51 in section 16.21 Note that the logarithmic gain from (|1.35|) to 
(|1.4ip is typical of the k = 1 case and can be turned to a polynomial gain for k > 2. 

Step 3 The flux computation and the derivation of the sharp law. 

The pointwise bounds (|1.35p . (|1.41|) are specific to the almost self-similar regime 
we are describing. They are derived by a bootstrap argument, which incidentally 
requires only an upper bouncO on |6 S |, see Lemma HT31 To derive the precise law for 



^Such an upper bound is already sufficient to conclude the finite time blow up and establish a 
lower bound on the concentration scale X(t). 
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b we examine the equation for e, which has the following approximate form: 

d 2 e + H Bl e = -b s AP Bl + * Bl + L.O.T. (1.42) 

where Hb 1 = — A + k 2 — ^r 1 ^- We consider an almost self-similar solution Pb 
localized on the scale £>o = § with a specific constant < c < 1 defined in (ll,22p 
and project this equation onto APb , which is almost in the null space of Hb 1 - The 
result is the identity of the form: 

b s \AP Bo \ 2 L2 = ^B 1 ,AP Bo ) + 0(b k - 1 \\s\\ fl{y ^ b) ). (1.43) 

The first term in the above RHS yields the leading order flux and tracks the non- 
trivial contribution of T p to the Pohozaev integration (|1.28|) : 

(y Bl ,APB ) = -c k b 2k (l + o(l)) 

for some universal constant Ck- This computation can be thought of as related to 
the derivation of the log-log law in [28]. The e-term in (|1.43p is treated with the 
help of (|1.4ip . observe that f 1 1 . 3 5 1) alone would not have been enough: 



Finally, from the behavior 



AQ ~ — r as y — > +°° 

y K 



and Pb ~ Q for b small, there holds: 



i a r, 1 2 f Ck for k > 2 



BolL2 ~ \ ci|logfc| for k = 1 

for some universal constant Ck > 0. We hence get the following system of ODE's 
for the scaling law: 

ds_l _K j c k (l + o(l))b 2k for k>2 

dt~y 6 ""A' bs ~- \ (l + o( l))^ for k = l 

Its integration yields - for the class of initial data under consideration - the existence 
of T < +oo such that A(T) = with the laws (|l.lip . (|1.12|) near T, thus concluding 
the proof of the sharp asymptotics (|1.11|) . (|1.12p . The non-concentration of the 
excess of energy (|1.13p . (|1.14|) now follows from the dispersive bounds obtained on 
the solution, hence concluding the proof of Theorem 11.11 

This paper is organized as follows. In section [2], we recall some well known facts 
about the structure of the linear Hamiltonian H close to Q and the orbital stability 
bounds. In section [5J we construct the approximate self similar profiles Qb with 
sharp estimates on their behavior, Proposition 13.11 and Proposition 13.31 In section 
[5], we explicitly describe the set of initial data of Theorem II. 1\ Definition 15.11 and 
set up the bootstrap argument, Proposition E21 which proof relies on a rough bound 
on the blow up speed, Lemma 1531 and global and local H 2 bounds, Lemma Ifi31 In 
section [TJ we derive the sharp blow up speed from the obtained energy bounds and 
the flux computation, Proposition 17.11 and this allows us to conclude the proof of 
Theorem 11.11 
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University and I.R. the Institut de Mathematiques de Toulouse, and both authors 
would like to thank these institutions for their hospitality. The authors also wish 
to acknowledge discussions with J. Sterbenz concerning early stages of this work. 



12 



P. RAPHAEL AND I. RODNIANSKI 



P.R. is supported by the ANR Jeunes Chercheurs SWAP. I.R. is supported by the 
NSF grant DMS-0702270. 



2. Ground state and the associated linear Hamiltonian 

The problem 

d 2 u-d 2 u--d r u + k 2 ^- = 0, f = gg' (2.1) 

admits a special stationary solution Q(r), and its dilates Q\(r) = Q(r/X), charac- 
terized as the global minimum of the corresponding energy functional 

E(u, d t u) = j {{d t uf + (d r u) 2 + k 2 ^pj 

{d t uf + (d r u - k^f^j + 2kG(u(r))\ r r =%>, (2-2) 

where G(u) = J™ g(u)du. In view of such factorization of energy, Q can be found 
solution of the ODE 

rd r Q = kg{Q), 

or alternatively 

AQ = kg(Q) (2.3) 
For the (WM) problem the function g(u) = sinu and for the (YM) equation g(u) = 
— u 2 ). Therefore, 

1 -r 2 



Q(r) = 2tan-V), Q(r) 



1 + r 2 
respectively. 

For a solution u(t, r) close to a ground state Q\ the nonlinear problem (|2.1|) can 
be approximated by a linear inhomogeneous evolution 

dfw + H x w = F, u(t,r) =Q x {r) + w{t,r) 

with the linear Hamiltonian 



H\ = — A + k 



2 /'(Qa) 

2 



We denote the Hamiltonian associated to Q by 

and recall the factorization property (|1.38|) of H: 

H = A* A (2.4) 

with 

yW i + yW 

A=~dy + —, A*=dy+ , (2.5) 

y y 

with 

V^(y) = kg'(Q(y)), (2.6) 

and: 

A x = -d r + ^-, A\ = d r + . (2.7) 

This factorization is a consequence of the Bogomol'nyi's factorization of the Hamil- 
tonian (|1.39h or, alternatively (|2.2p . Since Q is an energy minimizer we expect the 
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Hamiltonian H to be non-negative definite and possess a kernel generated by the 
function AQ - generator of dilations (scaling symmetry) of the ground state Q. 
Factorization of H however leads to even a stronger property, which on one hand 
confirms that the kernel of H is one dimensional but also leads to the fundamental 
cancellation: 

A(AQ) = 0, (2.8) 
that is AQ lies in the kernel of A. We note that for k = 1 the function AQ is not 
in L 2 (M. 2 ) and thus formally does not belong to the domain of H. The structure of 
the kernel of H leads to the following statement of orbital stability of the ground 

state. 

Lemma 2.1 (Orbital stability of the ground state, [9], [M])- For any initial data 
(uo, u\) with the property that uq = Q\ +wo and \\(wo, ui)\\h < e with e sufficiently 
small, and for any t £ [0, T) with < T < +oo the maximum time of existence of 
the classical solution with data (uq,ui), there exists a unique decomposition of the 
flow 

u(t) = Q\(t) + w{t) 

with X(t) £ C 2 ([0,T),R* + ) and 

Vt £ [0,T), \d t u\ L 2 + \X t (t)\ + \\w(t),0\\ n < 0(e) 

satisfying the orthogonality condition 

Vt £ [0, T), (w(t, A(t)-), XmAQ) = 0. (2.9) 

Remark 2.2. The cut-off function xm(t) = x( r /M) equal to one on the interval 
[0, M] and vanishing for r > 2M for some sufficiently large universal constant M is 
introduced to accommodate the case k = 1 in which AQ{y) decays with the rate y^ 1 
and thus misses the space of L 2 functions. The imposed orthogonality condition is 
not standard, however the arguments in [9], [3lj can be easily adapted to handle 
this case. The statement of the Lemma in particular implies the coercivity of the 
Hamiltonian H\ 

(H x w,w) = \A x w\ 2 L2 > c{M) j ((d r w) 2 + ^Pj , (2.10) 

provided that (w(X-), xmAQ) = 0. 
We introduce the function 

W(t,r) = A m w (2.11) 

The energy type bound on W will lead us to the H 2 type bound on w. To be more 
precise, we will control the H norm of the function e(s,y) = w(t,r), introduced in 
(OHl) . 



We next turn to the equation for W = A\w. Following [M], an important 
observation is that the Hamiltonian driving the evolution of W is the conjugate 
Hamiltonian 

H X = A X A\ = -A + !L+± + 1^ + x ; y 2{y) = k 2 [{gl? _ gg „ _ x] {Q) 

(2-12) 

which, as opposed to H, displays space-time repulsive properties. Commuting the 
equation for w with A x yields: 

dttW + H X W = A X F + ——A + _ LA — (213 ) 
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Observe that in the (WM) case V® = and 



1, for k > 2, 



l 

l+r s 



, for k = 1. 



(2.14) 



& 2 + 1 + 2V {1) + y (2) = (k - l) 2 + 2Jfc(l + cos(Q)) > | 

For the (YM) problem = -2(1 - Q 2 ) and, with k = 2, 

k 2 + 1 + 2T/ (1) + V (2) = 1 + 2(1 - Q) 2 > 1. (2.15) 

These inequalities imply that the Hamiltonian H\ is a positive definite operator 
with the property that 



(H X W,W) = \A* x W\jj2 > C < 



/ ( W 2 + 



w- 



for k > 2, 
for k 



1, 



(2.16) 



It is important to note that unlike H\, H\ is unconditionally coercive. However, it 
provides weaker control at infinity in the case k = 1. The expression 

\ 2 {h x w,w) + \ 2 \\{d t wM\li 

is precisely the norm IM! 2 ^ we ultimately need to control. Moreover, it obeys the 
estimate 



X 2 (H X W,W) + X 2 \\(d t W,0)\\ 2 n 



\H 2 



Associated to the Hamiltonian H\, we define global and local energies £(i),£ CT (i) 
used extensively in the paper: 



£{t) 



A 



{d t Wf + (W) 2 + 



e + i + 2 y« + y( 2 ) 



£r(t) = a 2 

where we let I? r 



(d t W) 2 + (VW) 2 + 



•g, as in (|1.22p . and ctb c be a cut off function 



< 7 B c ( r ") = ) with CJ ( r ) 



1 for r < 2 
for r > 3, 



(2.17) 
(2.18) 

(2.19) 



We finish this section with the discussion on the admissibility of the functions u(t, r), 
w(t,r) = u(t,r) — (Pb)\{i") where (Pb(v))\ is a deformation of Q\ which will be 
defined in section [3j The criterium for admissibility of w(t,r) = e(s,y) will be the 
finiteness of the Tt 2 norm of e. 

Proposition 2.3. Let $ be a smooth solution of the (WM) / (YM) problem on the 
time interval [0,T($o)) with co-rotational/ equivariant initial data (^cb^i)- Then 
(3>(f), dt$(t)) remains co-rotational/ equivariant for any t £ [0, T($o)) o,nd its sym- 
metry reduction u(t,r) coincides with the solution of the nonlinear problem (|l.ip / (|1.2|) . 
Moreover, for any t £ [0, T(<J?o)) function u(t) £ "H 2 . 

Proof of Proposition 12.31 The first part of the Proposition is a standard 
statement of propagation of symmetry. We omit its proof. It remains to show that 
u(t) £ H 2 . We give the argument for the (WM) case, the (YM) is left to the reader. 
We note that 



\d r u\ = \d r $\, 



sm(u) 



\d r u\ 



\d r $ + (d r $,d r $)$| 
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As a consequence, for a smooth map 3>(t) the finiteness of the TC 2 norm of u(t) can 
only fail at r = 0. To eliminate this possibility it will be sufficient to show that for 
k > 2 \d r u\ < Cr, while for k = 1 the function \u\ < Cr and \d r u — -| < Cr. The 
desired statement for k > 2 is contained in p2]. For k = 1, arguing as in p2] we 
derive that the energy density 



e($)(i,r) = |dH 2 + |9 r u| 2 + 



sin 2 -u 



is a smooth function of r 2 , which leads to the requirement that |u| < Cr. Moreover, 
differentiability of $ also implies that 

t i« i i- I sin tt | 
lim \o r u\ = hm , 

which immediately gives the existence of 

u 

]ivn(d r u] = lim(— ). 

r^O r-»0 r 

On the other hand, the algebra of (|1.39p implies that 

\d r u - ^| 2 = - x a^) • (d^ - x a,-*) = 

is a smooth function of r 2 . Since (<9 r u — s^ii^ vanishes at the origin we obtain that 
\d r u — ^r^| and hence \d r u — ^| obey the estimate 

u 

\d r u 1 < Cr, 

r 

and this concludes the proof of Proposition 12.31 



3. Construction of the family of almost self-similar solutions 

This section is devoted to the construction of approximate self-similar solutions 
Qb- These describe the dominant part of the blow up profile inside the backward 
light cone from the singular point (0, T) and display a slow decay at infinity, which 
is eventually responsible for the log modifications to the blow up speed. A related 
construction was made in the (NLS) setting in [32], [26], where the ground state is 
exponentially decreasing. A simpler version of the profiles Qb = Q + b 2 T\, terminat- 
ing at a 2-term expansion was used in [34]. The key to this construction is the fact 
that the structure of the linear operator H = — A + k 2 ^ ^ is completely explicit 
due to the variational nature of Q as the minimizer of the associated nonlinear 
problem. 

3.1. Self-similar equation. Fix a small parameter b > 0. Given T > 0, a self- 
similar solution to (|1.3|) is of the form: 

u(t,r) = Q b (^), X(t) = b(T-t). (3.1) 

The stationary profile Qb should solve the nonlinear elliptic equation: 

-AQb + b 2 DAQ b + k 2 ^^- = 0. (3.2) 

This equation however admits no finite energy solutions, see [17] for related results. 
We therefore construct approximate solutions of finite energy, which exhibit the 
fundamental slow decay behavior in the region y > t. 
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The approximate solution Q b will be of the form 

Q b = Q + ^t{b 2j T j . (3.3) 
We will require that the profiles Tj verify the orthogonality condition 

(Tj,XM-h-Q) = (3.4) 

with xm given by (|1.21|) . The error associated to Q b is defined according to the 
formula 

^ b (y) = -AQ b + b 2 DAQ b + k 2 ^^-, (3.5) 

For a given homotopy index k we define an auxiliary integer parameter p 

f § for & even . . 

P = { %i for k odd (3 ' 6) 

Proposition 3.1 (Approximate solution to the self-similar equation). Let M > 
be a large universal constant to be chosen later and let C{M) denote a generic 
large increasing function of M. Then there exists b*(M) > such that for all < 
b < b*(M) the following holds true. There exist smooth radial profiles {Tj)\<j< p +i 
satisfying (|3.4|) with the following properties: 

• k > 4 even: For all sufficiently small y and < m < 3, 
d m T- 

-^{y)=c hm y k - m {l + 0{y 2 )). (3.7) 

For y > 1, 



d m T- d m y 2 ^~ k /• 1 

^ (y) = C ,^^ (1 + # + 0( ? 



(V) = C J j m (l + ^i + QK)). 1<J<P-1, 0<m<3, (3.8) 



(3.9) 

d m T 1 

Wy) = 0(l), -^(V) = 0{-^1 l<m<3. (3.10) 
For < m < 1 f/ie error term verifies 

• A; > 3 odd: (Tj)i<j< p obey the asymptotics 13. 7\) near the origin, while for 
all y > 1 and < m < 3 

d m T- ij m v 2 i- k f. 1 

^> = c A§^< 1 + £ + <?>>' 153 ^ (312) 

d m 1 

^Wy) = °(^)- ( 3 - 13 ) 

For < m < 1 £/ie error <erm verifies 

|U^)| <ft*+3^_ 
I ~ w l + yfc+2 

• A; = 2: There exist smooth profiles T\,Ti verifying {3.J$ such that for all 
sufficiently small y and j = 1,2, 

d m T- 

- J ^-(y) = C(M)0(y k - m ), 0<m<3, (3.15) 



(v)l £ &fc+3 T4n^- (3-14) 
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while for all y > 1 and < m < 3, 

d m Tj , > j Cj5 0m + C(M)0(-^), j = 1, 

-dy^ {y) = \c(M)0^), j V =2, ^ 

For < m < 1 the error term verifies 

jm „.k—m 

| — [* 6 + c b b*AQ] | < CJ^jL, (3.17) 

for some constant c b = O(l). 
• k = 1: We can find T\ satisfying fr3.4\ ), such that for all sufficiently small y 
and < m < 3, 

d m T 

-^-±(y)=C(M)0(y k ~ m ), (3-18) 
while for 1 < y < and < m < 3, 

r r i(2/)l^(l+y ) PT~~Xi 1 „<ga + ^n„„».i/i , -i^ 1 «>ga + - 



i dym *.\m\~\^v j | 1()g6 | y<^ lT 6 2 |log6|(l + y 1 + m ) 2/>^l + yi+™ 

(3.19) 

T/ie error ierm ^ satisfies for < m < 1 and < y < ™, 



(3.20) 



< h ^~ m | 6 4 (l + |lQg(&y)l) ..l-m 1 



1 + y 4 |logfo| y i<2/<^ ^ |log6|y 1 + m 2/>^ 

tm£/i a constant 



i 



|log6| 

T/ie constants {cj)\<j< p in 13. 8\) . tS.S\) . h3.12\) are given by the recurrence formula: 

. . ffc — 2j + 2)(fc — 2j + 1) jfe 
Vj€[2,p], c,=c^ \ 3{ l_ 3) L , = (3.21) 

In the construction of the profile Qb the term T p (y) is a radiative term display- 
ing an anomalous slow decay at infinity according to (|3.9p . (|3.12p . (|3.19p . It is the 
first term which yields an unbounded contribution to the Hamiltonian of the corre- 
sponding self-similar solution u. The term T p+ \ is introduced in the decomposition 
to refine the behavior of the error term on compact sets, i.e. finite values of y, 
without destroying its radiative behavior far out. This turns out to be more delicate 
for k = 1, 2 which explains a slightly pathological behavior of the error in these 
cases, (|3.17p . (|3.20p . Note that this is particularly true for k = 1 where p = and 
Q itself is the radiative term. In that case, introduction of the term Ti, which is 
however badly behaved for y > r according to (I3.19p . allows us to gain a factor of 
jj^jr in the region y < ^ in (|3.20|) . This should be contrasted with the polynomial 
gain in b we see for higher values of k. 

Remark 3.2. The orthogonality condition (|3.4|) corresponds to a choice of gauge 
for Qb allowed by the kernel of H given by (|1.37|) . This choice will be convenient 
for an additional decomposition of the flow near Qb, see in particular (|5.12|) . 
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3.2. Construction of Q b . Proof of Proposition [37x1 

Let p be given by (|3.6p . 

step 1 Construction of an expansion. 

The case k = 1 will be treated separately. Let thus k > 2, j £ [l,p] and {Ti)\<i<j 
be any smooth radial function vanishing sufficiently fast both at zero and infinity , 
as in say (|A.5p . Let 

Q b = zi =0 b 2l T h T = Q. 
From the Taylor expansion of /: 

f(Q b ) = f(Q) + ^ =1 ^|^(6 2 T 1 + • • • + b^Tj) 1 + R ld (b, y) 

with 

Rij(P,y) = iQb ~® y+1 f (1 - U yf^(uQ b + (1 - u)Q)du. (3.22) 
3- Jo 

We then reorder the polynomial part in b to get: 

f(Qb) = f(Q) + ^i =1 b 2l [f(Q)T l +P l (T u ...,T l _ 1 )] 

+ R lj (b,y)+R 2 , j (T u ...,T J ). (3.23) 

Here Pi is a polynomial of degree I with the convention that P\ = and the term 
T m contributes m to the degree of Pi. R 2 j is a polynomial in (Tj)i<j<j and contains 
the terms of order {b 2l )i>j + \. Hence: 

d l R x Ab,y) d l R 2i (b,y) 
V0<Z<j, ^ y) = =0. 3.24 

W | 6=0 9(6 2 )' |6=0 

We now expand the self similar equation: 

S /(Q, 



AQ b + b 2 DAQ b + A: 2 ^^ = -A [Q + Sf =1 ^T z J + \Ej =1 b 21 DATi^ij + b^+^DATj 

2 



+ - {f(Q) + ZLib 21 [f'(Q)Ti + Pi(n, . . . ,T,_i)] + Rxj + R 2J ] 



k 2 

HTi + DATi-i + -2^(Ti, . . . ,T,_i, 



k 2 

+ + i? 2 ,i) + b 2 ^DAT y (3.25) 



We claim by induction on 1 < j < p that we may solve the system: 

k 2 

HT l +DAT l _ 1 + —P l (T 1 ,...,T l ^ 1 ) = 0, l<l<j (3.26) 



with (T\)\<j satisfying the desired estimates and the orthogonality condition (J3T 
Indeed, for j = 1, we solve: 

HT 1 + DAQ = 0, (Ti,xmAQ) = 0, (3.27) 

explicitely by setting 

T _ 1 2 An JxMj/ 2 (AQ) 2 

ri " I y AQ " Af X M{A Q y KQ - (3 - 28) 

In the (WM) case for k > 3, it satisfies from (|A.10p the asymptotics: 

f c iy fc (l+0(y fc )) as y-0 
Tl(y) = \ c^d + ^ + O^)) as ^ 
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and for k = 1, 2: 



J c iy fc (l + 0(y fc )) as y-0 



with 



C(M) 



logM for k = 2, 

logAf IOr ' 



In the (YM) k = 2 case 



-ciy fc (l + logMO(y fc )) as y — 



In all cases, 



Tl(y) = \ -<*£(! + 0(^)) as y-+oc. ( 3 - 31 ) 

d = ~ (3.32) 
Hence 7i satisfies (jXlj) . (IX7D . (13~£L (Cm . (EM and (13~TBD for j = 1. 

step 2 Induction for k > 3. 

For & = 3, we have p = 1 and T2 = T p+ i will be constructed in step 4. We hence 
assume k > 4 and now argue by induction on j using Lemma IA.1I We assume that 
we could solve (13361) for 1 < I < j-1 with (7})i<kj_i satisfying J3J|, (03J), d3l2l) . 
In order to apply Lemma lA.ll we need to show the orthogonality: 

(dATj^ + ^Pj{Tx, . . ^Tj^^q) = 0. (3.33) 

Assume (|3.33p . Then from Lemma IA. H we may solve (|3.26p for I = j with Tj 
satisfying (|3.4|) . Moreover, from the decay properties of (Ti, . . . , 2}-i) at infinity 
and the polynomial structure of Pj(T%, . . . , 2}-i), the leading order term on the 
RHS of (131261) as y — +00 is given by DATj-i = 2yT' j _ l + y 2 Tj'_ 1 that is: 

DATj-i + ^^(Tx, . . . ,T^ X ) = {k- 2j + 2)(k - 2j + l) Cj _ 1 ^^(l + 0(1)). 

y y y 

(|A.4|) . (|A.5|) . (1A.6|) now allow us to derive the asymptotics of Tj,T'- near +00, and 
higher derivatives are controlled using the equation (|3.26|) . 
Estimates (|3.8|) . (|3.12|) follow with the recurrence formula: 

(fc-2j + 2)(fc-2j + l) 

which gives (|3.2ip . Similarly, the y k vanishing of (Ti)i<i<j~i at the origin ensures 
that the same vanishing holds for ( Pl ^ Tl '' y i Tl ~ 1 ^ ) j an d (13. 7p follows. 



2<Kj 



Proof of (13. 33ft : Note that a direct algebraic proof seems hopeless due to the nonlin- 



ear structure of the problem. However, we claim that (I3.33P is a simple consequence 
of the energy criticality of the problem and the cancellation provided by the Po- 
hozaev identity. Let (7))o<Ki-i be the first constructed profiles and let Tj be any 
smooth radial function vanishing sufficiently fast both at zero and infinity Let 
Q b = Zj =0 b 2l T h then: 

F(b) = (-AQ b + b 2 DAQ b + k 2 ^^-,AQ b ^j = 0. 
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Let us indeed recall that this holds true for any smooth Q b which decays enough 
both at the origin and infinity. Note also that we are implicitly using the condition 
j < p which ensures from (|3.8p . (|3.12|) that the integration by parts does not create 
any boundary terms for the (T[)i<i<j-i terms. We conclude that the Taylor series 
of F at b = vanishes to all orders. On the other hand, from the decomposition 
([325]), 



F{b) = S/ =1 6 2Z 



HT t + £>AT,_i + ^Pi(T u IU; 

y 



k 2 k 2 

H o-Rlj H 9-^2,7 



+ b 2(j+1) DATj,AQ + Y? l=l b 2l kTi 
= b 2 ? 



k 2 



fc 2 fc 2 

H 9-Rlj H 9^2.7 

y y 



+ b 2{j+1) DATj,AQ + E j l=1 b 2l ATi 

where we used that (13.26P is satisfied for 1 < / < j — 1. (|3.24j) now implies: 

d 2 - 7 ' / /c 2 \ 

= ^-F(b) lb=0 = (HTj + DATj-i + ^(Ti, . . . ,Tj-i),AQj . 

Now (HTj,AQ) = (Tj,HAQ) = for any Tj and (RQ3I> follows. 

step 3 Estimate on the error at the order p. 

Let now ^ { b p) be given by (33) for Q b = E^ =Q b 2l T h explicitly from (l3~25H : 

^^^L + ^ + ^DAT, (3.34) 

i?i >p given by (|3.22j) and i?2,p are given by (|3.23j) are estimated using the uniform 
bound on (||/^||L°°)i<j<p and the behavior of Tj near the origin and infinity: 
For k odd and < m < 1: 

im -2 D (p+l)fc-m-2 (p+l)fc-m-2 

i dym yy>\ ~ w 1 + y2 (p+i)(fe-i) ^ w ! + y (p+i)(fc+i) ' 

jva.,—2 p „,2fc— m— 2 „,pk—m—2 

\ d -^(y)\ £ + (3-36) 

Note that i?2,p is non-trivial only for k > 5. 
For fc even and < m < 1: 



rim,,,— 2 n „,(p+l)k— m— 2 _,(p+l)fc— ra— 2 



(fy m V " ~ 1 + y2(p+l)(fc-l) l + y (p+l)fe 



(3.37) 



Note that i?2,p is non-trivial only for k > 4. 

It remains to estimate the leading order term DAT p in (|3.34j) . Recall the asymp- 
totics of T p near y + oo from (13.91) , (|3.12l) : 

T p (y) = cp(l + -§ + 0(-^)) for k even, 
jr y^ 

r p (y) = ^(1 + ^ + 0(4)) for k odd. 

y y 2 y 6 
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We now use in a fundamental way the cancellation 



DA(-) = DA(1) = (3.39) 

y 



which yields in particular as y — > +oo: 

— 



+ O(A-) for k even, 



+ 0(X) fork odd, 



and the crude bounds 



DAT p {y) = { f p _ / (3.40) 

d m DAT p . y k -' m 



E (v)\ ~ i I ..fc+2 ' 0<m<l for k even, 



cfr/ m ~ 1 + y 

l-^O/)! £ T^+3> 0<m<l fork odd. 
These estimates together with (|3.35|) - (|3.38p now yield: 

, d m /„v „ b k+2 - k - m 



*b ] \ 5 1 T V2 . 0<m<l, for k even, (3.41) 



l^r*6 W l £ TT^' " m " for k odd - (3 ' 42) 

step 4 Construction of T p+ i for k > 3. 

Observe that for all k > 1, T p is the radiative term in the sense that as y — > +oo: 
T p ~ - for k odd, T v ~ 1 for k even. 
Note that for = 1 we have p = and To = Q. 

The estimates (|3.41|) . (|3.42|) are not sufficient for our analysis. Therefore we 
add an extra term T p+ \ by taking advantage of the cancellations (|3.39|) . The cases 
k = 1,2 are degenerate and require a separate treatment. 

For k > 3, we need to solve: 

k 2 

LT P+1 + DAT P + -jiVuCZi, • • • , T p ) = 0. (3.43) 

To do this, we first need to verify the orthogonality condition for k > 3: 

k 2 \ 
DAT p + ^T P +i(Ti, . . • ,T P ),AQJ = 0. (3.44) 

As before we may define Q b = Ef^fc^T with an arbitrary smooth rapidly decaying 
function T p+ \ and 

F(b) = (-AQ b + b 2 DAQ b + k 2 ^^-,AQ b 

so that 

1 d 2 (P+VF(b) 



(^DATp + ^P p+1 (Ti, . . . , T p ), AQ\ 



(2(p+l))! 6 2 (p+!) 

We now claim: 



1 6=0- 



C 2 

F(6) = -|6 2fc (l + o(l)) as 6^0. (3.45) 



22 



P. RAPHAEL AND I. RODNIANSKI 



Indeed, let R > and recall the Pohozaev integration: for any smooth enough <f>, 

(R). 



A0 + b 2 DA^ + k 2 ^ ) \<> 

r<R V y 



■-(r/) 2 + — |rA0| 2 + " 



2 V r ' 2 1 ri 2 



(3.46) 

Applying this with $ = Qb yields: 
Hm f (-AQ b + b 2 DAQ b + k 2 ^-)AQ b = lim h l\rAQ b \ 2 {R)+^-\g(Q b )f 

-+°° Jr</J V V J R-^+oo 2 2 



R-^+oo 

and hence: 



F(6) 



for k odd 



— — for k even 



^ 2 ~~ 2 

where we used in the last step the asymptotics (|3.9|) . f|3 . 12[) for j = p for T p . 
Combining (|3.45p with the analytic dependence of F(b) on b, we conclude that for 
k > 3 (recall that 2(p + 1) = fe + 1 < 2fe for A; odd and 2(p + 1) = k + 2 < 2k for A; 
even) : 

rf2(p+l) 

and the desired orthogonality condition follows. We now argue exactly as in the 
proof of Lemma I A. II to construct T p+ \ solution to (|3.43p satisfying from (|3.40p the 
estimate (|3.7p near the origin and for y > 1: 

1 d m yk~rn 

:-))» \^ t v+m\<— yk 

„ -i jm k—m 

T p+1 = J^(l + 0(-)), \^T p+1 (y)\ < jtL-^, 0<m<2, for k odd. 

In the even case, we used here the same cancellation which led to (IA.6j) for the p- 
part of the behavior of DAT p in the asymptotics (|3.40p near y — > +oo. We cannot 
retrieve the same cancellation on the part induced by the O(p) tail but we simply 
need the rough bound < p- at +oo. 

Using the degeneracy (|3.39|) . this leads to the bound for < m < 1: 

Am „ k—m 

' -DAT p+1 (y)\ < - y - nfc+2 fork odd, (3.47) 



T p+ i = Cp+i(l + O(-)), \ 1 -^T p+ i(y)\ < 1 , jfc+1 > < m < 2 for k even 



jm yk-m 

I- — J DAT p+1 (y)| < - for k even. (3.48) 

We now define 

*6 = + ^ R 2, P +l + b 2(p+2) DAT p+1 . 

The estimates on the first two terms are already contained in (|3.35p - (|3.38|K and 
d33H) , (13^81) now imply (l3~Tll . (l3~T41 . 

step 5 Construction of T2 for k = 2. 

We now turn to the = 2 case. Observe that the fundamental cancellation (|3.39p 
still holds, but the orthogonality condition (|3.44p fails. This failure is due to the 
fact that 2(| + 1) = 2k. Let T t be given by (l3~28ll and 

(DAT 1 + ^f"(Q)T 2 ,AQ) c | 

Cb = = ^fe ~ (3 - 49) 
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then T\ satisfies the asymptotics (I3.15p . (13 . 16|) from (|3.29p . (|3.31h . Let then T 2 be 
the solution given3 by Lemma I A. II to 

k 2 

HT 2 = -Dm - —f(Q)T 2 + c b AQ = g. 
2y l 

Explicitely, from (lA~T6l) . T 2 = f 2 - c M AQ with: 



and 



T 2 {y) = L(y) / g{x)J{x)xdx — J(y) j g{x)T(x)xdx. 

(T 2 , X mAQ) 



cm 



(AQ,xmAQ) 

The asymptotics (|3.7p near the origin follow easily from (|3.29|) . (|3.31|) . For y > 1, 
we have from (g, AQ) = 0: 



|r 2 (v)| 



p+00 

/ g(x)J(x)xdx + J(y) j g{x)T{x)xdx 

Jy 

00 xdx 1 f y x 3 dx 



[l + x 



2\2 



+ 



< 



y Ji 1 + x 2 



C{M). 



Therefore, 

cm < C(M). 

This leads to (I3.16|) for m = and j = 2. Higher order derivatives are estimated 
similarily. We now compute the error 'J/;,: 



+ 



*6 

\i 2 



-AQ b + b 2 DAQ b + k 2 ^ 



If 



k 2 



+ b DAT 2 



LT 2 + DAT 1 + —sf(Q)(T 1 ] 
f(Q + b 2 T, + b A T 2 ) - f(Q) - 6 2 /'(Q)m + b 2 T 2 ) - b ^f"(Q) 



\DAT 2 \ +C(M) 



1 + y 4 



< C(M)b e -^. 



from which: 

|^ + c fe 6 4 AQ| <b' 

This is (|3.17p for m = 0, the case m = 1 follows similarily. 

step 6 Construction of T\ for k = 1. 

We now turn to the /c = 1 case. The cancellation (|3.39p still holds, but the 
orthogonality condition (|3.44p fails since for k = 1, 2(*fl + 1) = 2k. This reflects 
the fact that AQ ~ i is already the radiative term, and the non vanishing quantity 
on the LHS of (|3.44p is exactly the flux term driving the blow up speed. This can 
equivalently be seen in the anomalous growth of 

v 2 

jf = ^-AQ ~ y solution of HT^ + DAQ = 0. 



5 Formally, Lemma lA.ll can be applied only in the context of the (WM) problem and with k > 3. 
The argument however can be easily modified to satisfy our current needs. We sketch the argument 
below. 
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Let 



(DAQ,AQ) C 



(AQ, X boAQ) |log6| 

4 

and Ti be the solution given by Lemma I A. II to 

LTi = -DAQ + c b AQx5a = 5, 

4 

explicitely Ti = 2\ — cj^AQ with 



(3.50) 



(AQ, X mAQ) 



and from (IA.16|) : 

T i(y)= T (y)J g(x)J(x)xdx - J(y) J g(x)T(x)xdx. 

The asymptotics (|3.7p near the origin follow easily. For y > 1, we first have from the 
orthogonality condition (g,AQ) = 0, implied by (|3.50|) . and the degeneracy (|3.39|) . 
which implies that |-DAQ| < y~ 3 for y > 1, that for ^ > y > 



|Ti(y)| 



+oo 



/ g(x)J(x)xdx + J(y) / y(x)r(x)x<ix 



< (1+2/) 
1 



00 cfa; 1 
y 1 + x 3 y 

1 



y x 2 dx 
1 + x 3 



+ N 



S „1 



x dx 
1 + x 



~ 6 2 |log6| l + y 
On the other hand, for 1 < y < 



|2i(y)| 



(i + y) 
i + y 



< 

~ |log&| 



1 + x 3 
l + |log(6y)|)l^so 



+ N(i + i/) 



B ° dx 1 
+ 



1+x l+y 



x 2 dx 



1 + x' 



+ 



The constant cm can be then estimated: 

c M < C(M) 

This leads to (|3.19|) for m = 0. Higher order derivatives are estimated similarily. 
We now compute the error ^> b : 

*6 = 



AQ b + b 2 DAQ b + k 2 ^^ 



k 2 



= b 2 (LT± + DAQ) + b 4 DATi + ^ [f(Q + b 2 T x ) - f(Q) - 6 2 /'(Q)?i] . 
Using the cancellation for the term DA(cm&-Q) we then obtain 



^ b + c b b 2 AQ X B 



£0 

4 



< b 4 



DAT! | + ^T 2 f \ Tf"(Q + T'Tb 2 T X )dT'dT 

y 2 JO JO . 



< C(M)b 4 -V— 4 

l + y 4 



b 2 



+ 64 S (1 + |10g(MI)1 ^^ + |lo g 6| y 

where we used the behavior \ f"(y)\ < y for y < 1. This is (I3.20p for m = 0, the 
case m = 1 follows similarily. 
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For future reference we also note the following improved behavior in the region 
y > Bq. First, we compute 



ATi 
DAfi 



-my) 

-DAT(y) 



g(x)J(x)xdx — AJ(y) / g{x)Y{x)xdx 



g(x)J(x)xdx + AT(y)g(y)J{y)y 1 



— DAJ(y) J g(x)T(x)xdx - AJ(y)g(y)T(y)y 2 

We now observe that \DAJ(y)\ < y~ 3 for y > 1 and that the worst term in g is 
supported in y < Bq/2. Therefore, for y > Bq 

dx 1 



\DATx(y)\ 



< 



i + y) 
< _J_ 

1 + 2/ 



1 + ar j 



+ 



i + r 



+ 



y x 2 dx 
1 + x 3 



+ \ c b\ 



B 



x 2 dx 
1 + x 



Repeating the calculation for we obtain for y > Bq 



\DAfx\ + ^ ^ Tf"(Q + T'Tb 2 T X )dT'dT 

y Jo Jo . 



1 + y 



^ ~ 1 + y 



y 5 6 4 log^6 

This concludes the proof of Proposition 13.11 



(3.51) 



3.3. Profile localization. Observe from (|3.9|) . (|3.12p that the profiles T p possess 
tails slowly decaying at infinity. The behavior of these tails, near the light cone 
y ~ are responsible for a leading order phenomenon in determining the blow up 
speed, but their slow decay becomes irrelevant for y » |, where Qj, is no longer a 
good approximation of the solution. In this region, the nonlinear interaction is over 
and we simply match the profile to its asymptotic value a. Note that the existence 
of an exact constant self-similar stationary solution to the full nonlinear problem 
turns out to be important for the analysis for small k. We thus introduce a localized 
version of the Qt, profile as follows. Recall the two different scales Bq, B\ defined in 
(TL221) and let 

B G {B , Si} with B ' 



b\fe J 'yx{y)dy 



Bi 



|logb| 



We then define: 
where 



Pb = (1 - XB)a + XBQb, 



(3.52) 



a = lim Q(y) 



vr for (WM) 

a = -1 for (YM) 



and Qb is given by Proposition 13.11 We now collect the estimates on this localized 
profile Pb which are a simple consequence of Proposition 13.11 



Proposition 3.3 (Estimates on the localized profile). Let 
Then 



AP B + b 2 DAP B + k 2f(PB) 



y 



Supp^B) C{y< 2B} 



(3.53) 
(3.54) 
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and there holds the estimates: 
(i) For k > 4 even, 



d m dP B 



dy m db 

1 dy m 
(ii) For k > 3 odd, 

d m dP B 



,k—m 



yn ' ' b Jyk 1 

^ b l + y 2k-2 1 y<\+— 1 \<y<2B' 0<m<3, 



y" 1 b- 
h k+2 

V 



m<b k+ *f^ 1 ly<B + —lB<y<2B, < m < 1, 

b k-2 



dy m db 



< b 



y 



k—m 



l + y 2k-2 y<i 1 v l+m (, 



k—m 



d ~&\ S ^y^t^b + TT? ^ T 1 B <,< 2B , < m < 1. 
(mj For k = 2 



h k+i 
v 



1 |<s/<2B' < m < 3, 



(3.55) 
(3.56) 

(3.57) 
(3.58) 



d m dP B 



dy m db 



£ h X^\<\ + ^H<^ + C(M)6^1,< 2B , < m < 3, 

(3.59) 



,k—m 



l^[*B-<tfWQ]l<Cr(JlO^ 0<m<l, fc 



(mj For A; = 1, 



d m dP B 



dy m db 



6^(1 + 1^6(1 + 7/)!) 
|log6| 



1 „<Eo + 



+ 



(3.60) 
1 



v<^r 6|log6|y 1+m -f<v<2B 1 fo/i+m' 
by 



+C(M) 



2+m ' 



< m < 3 



ane? /or < m < 1 : 
d m 



dy r 



- c b b z XBo_AQ 



< 



b 2 



4 y 



1—m 



1 B<y<2B + C(M)6 4 J-j— 



+6 



4 (l + |log(&l/)|) i. 



So + 



,,(3.62) 



|log6| " ~i<s/<^ ' |log6|y 1+m T<2/< 2B ' 

The main consequence of the localization procedure is first that 

Supp(AP B ) c{0<y<2B} 

and hence the possible growth in 6 of weighted Sobolev norms of P B may be eval- 
uated explicitely. Second, the localization procedure creates an unavoidable slowly 
decaying term in the error ^ B arising from the commutator [DA, xb] ~ 1 an d the 
specific decay of the radiation T p , leading to: 

fok+2 £ Qr k even 



Vy€[B,2B], * fl (y) ~ { 



for k odd, 



(3.63) 



However, according to (|3.56p . f|3.58|) . (|3.60p . (|3.62|) . ^ B is better behaved on the set 
where xb = 1, thanks to the extra gains provided by the T p+ \ terms in Proposition 
3H 



Remark 3.4. Observe that for 6 < b*(M) small enough, the localization does not 
destroy the orthogonality relation which we have built into Qb- More precisely, (|3.4p 
ensures: 

' (3.64) 



V6<6*(m), VB>-, (P b -Q,xmAQ) = 0. 
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Proof of Proposition 13.31 First compute from (|3.52l) and (13. 5ft : 
dP B dQ b dlogB , 

*B = XB^b + ^ {/(Pb) - XBf(Qb)} ~ (Qb - a)A XB ~ 2x' B Q'b 

+ b 2 {{Q b -a)DkxB + 2y 2 x' B Q'b} (3-66) 
and thus (|3.54p follows from (|3.52|) . We now consider separate cases: 

case k > 4 even: Recall that 2p = k for k even. From (|3.7p . (|3.12p . there holds for 

' SPb '<Htm\< " 



I dh I ~ I ivwyi ~ l + y 2k-2- 
On the other hand, in the region I < y < 2B: 



This proves (|3.57p for m = 0, other cases follow similarity. 

We now estimate $> B . For y < B, fy B = ^b and hence (|3"35D . (13~^U]1 follow for 
y < B from (13TTTD . (13T7D . For 5 < y < 2B, we estimate the RHS of (ETBoTl . First: 

{I/(Pb) - Xb/(Q&)|} < ^^lB<,<2B < 6 fc+2 lB<,< 2 B. 

Similarily, 



6^ 

|(Q 6 - vr)A X B - 2 X ' B {Q b ~ a)'\ < ^l B <y< 2 B < b k+2 l B < y < 2B , 



b 2 \{Q b - a)DA XB + 2y 2 x' B Q'b\ 1$ b 2 b k l B < y < 2B = b k+2 l B < y < 2B 



These estimates imply (13.56(1 for m = 0. The cases 1 < m < 3 follow similarily and 
are left to the reader. 

The case k = 2 follows similarily using (I3,15p . (I3.16p . (I3.17p . this is left to the reader. 

case k > 3 odd: Recall that 2p + 1 = k for k odd. From (J331), (l3~12l) . (l3~T3l . the 
leading order behavior of in the region y < | is given by: 

' flft '<tpiMi< ^ 



On the other hand, in the region \ <y < 2B, there holds: 

~ 8PB > + l^^~ 2 



db ~ b y ~ y 



This proves (j3.57|) for to = 0, other cases follow similarily. 

We now estimate the error ^ B given in (I3.66p . For y < B, fy B = ty b and hence 
(13.581) follows for y < B from (I3.14p . In the region B < y < 2B, we estimate from 
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(13371) and /(vr) = 0: 

\{\f(P B )-XBf(Q b )\} < \ {I/(tt + XB(Qb ~ tt)) - /(tt)I + \f(Q b ) - /(tt)|} 

< IQt-^L <^ +1 -, 

^ 9 ±B<y<2B ±B<y<2B, 

y l -y- y 

|(Q 6 - 7t)Axb - 2Xs(Qfe - 7r)'| < ~g^B<y<2B < — Ij9<i/<2.B, 

fr 2 |(Qb - k)DAxb + 2y 2 XBQ'b\ < 1b< v <2B = ls<y<2B- 

These estimates together with (|3.14|) now imply (|3.58p for m = 0. The case m = 1 
follow similarily. 

case fe = 1: We estimate from (13, 65ft : 

dP B dQ b dlogB y , 

Therefore, 

dP B d{b*T x ) . 

'"^P " l_ aft" 1 1 ^ 2B + 6 l^- 7r l 1 f<^<2B- 

Estimate (|3.61|) is a direct consequence of the construction of T\ and the bound 
\Qb — 7r| < (1 + The derivative estimates follow in a similar fashion. 



We now turn to the estimate of ^ b- Prom (|3.66l) : 

\ {\f(P B ) ~ XBf(Q b )\} < l -^^lB<y<2B < ~ 

y y y 



1 b 2 

\{Q b - Tt)Axb ~ 2Xb(Qb ~ 7r)'| < -g2y^-B<y<2B < — 1 B<y<2B, (3.67) 
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6 2 |(Q 6 - tt)£>Axb + 2yY B Q' 6 | < -lB<y<2B- (3.68) 
These estimates yield (|3.62|) for m = 0, the case m = 1 follows similarily 



This concludes the proof of Proposition 13.3 



4. Decomposition of the flow 

Having constructed the almost self similar localized profiles Pg, we introduce a 
decomposition of the flow: 

u(t,r) = {P Bl (b(t)) +£ ) ^\(t)^ = ( P Bi(b(t)))x(t) +w ^ r ^ 

where 

o _ l lo g 6 l 



The time dependent parameters b(t),X(t) will be determined from the modulation 
theory in section [5T2l The perturbative w(t) is what is refered to in the paper as 
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the "radiation term". Since (PB 1 )x(t) £ it implies @ that w(t,r) £ 7i 2 . 
We now derive the equations for w and e. Let 



s(t) 



1 dr 



(4.1) 



/o A(r) 

be the rescaled tim^| . We shall make an intensive use of the following rescaling 
formulas: for 

r ds 1 

u(f,r) =«(.,„), y = - y ^ = x , 



<9 t ii = - (d s v + 6Au) A , 
A 

d tt u = -L [d 2 s v + b(d s v + 2A8 s v) + 6 2 DAw + b s Av] x . 
In particular, using (|3.53|) and (|4.3p . we derive from (|1.3p the equation for e: 
s 2 e + H Bl e = -* Bl - fesA^ - ft&i'Bj + 2A9 s P Bl ) - 9 s 2 P Bl 

1.2 

- + 2A8 s e) - b s Ae - -zN(e) 

y z 

where H Bl is the linear operator associated to the profile P Bl 
H Bl e = -Ae + b 2 DAe + k 2 ^^^e, 



(4.2) 
(4.3) 



y- 



and the nonlinearity: 

N(e) 



[f(P Bl+£ )-f(P Bl )-f'(P Bl )e} 



(4.4) 



(4.5) 



(4.6) 



Alternatively, the equation for w given by (15. lip takes the form: 



d 2 w + H Bl w 



d 2 (P Bl ) x -A(P Bl ) x + k 



h 2 



with 



H Bl w = —Aw + k 



N(w) 



1 



[f(P Bi+w )-f(P Bi )-f'((P Bi ) x ) w ]. 



We then expand using ([43]) . (1431) and (ET55j) : 



(4.7) 
(4.8) 



9 2 (P Bl ) A -A(P Bl ) A + fe 2 ^%lA) 



A 2 



[bAd s p Bl +b s AP Bl + * B ] x + d t 



A 



and rewrite the equation for w: 



1 



dfw+H Bl w = -p [6A9 s P Bl + 6 s AP Bl + * B ] A -ft 



1.2 

•-aJVH. (4.9) 



Observe that fr k — 1, Qx(t) ^oes no< belong to 7i a due its slow convergence at infinity. 
^Note that s(t) will be proved to be a global time s(t) — > +oo as t — > T 
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For most of our arguments we prefer to view the linear operator H Bl acting on w 
in (|4.9I) as a perturbation of the linear operator H\ associated to Q\. Then 

d?w + H x w = F Bl (4.10) 



[bAd s p Bl + b s AP Bl + * Bl ] A - d t 



\(d s P Bl )x 



with 



H x w = -Aw + k 2 ^^-. (4.11) 



Remark 4.1. We note that absence of satisfactory pointwise in time estimates for 
the b ss type of terms appearing on the RHS of (14,100 (see also (14.41) ) requires that 
we rewrite such terms as full time derivatives and consistently integrate them by 
parts in all of our estimates. 

Our analysis will require control of TL 2 norm of w. This will be achieved via 
energy estimates for the function 

W = A x w. (4.12) 

We recall that the operator A\ factorizes the Hamiltonian H\ = A* X A\ and the 
function If is a solution of the wave equation 

duV^w 2d t v[ 1] d t w 

8 tt W + H\W = A x F Bl + + ■ 4.13 

r r 

with the conjugate Hamiltonian H\ = A\A X , see ([2.130 . 



5. Initial data and the bootstrap assumptions 

In this section we describe the set of estimates which govern the blow up dynam- 
ics stated in Theorem 11.11 We begin with the prescription of the set O of initial 
data and consequently show that, under bootstrap assumptions, they evolve to a 
trapped regime leading to a finite time blow up. 



5.1. Description of the set O of initial data. Let us recall the orbital stability 
statement of Lemma LTTl for all sufficiently small r/ > such that for (uo,u\) G 
H}xL 2 with E(uq,ui) < E{Q)+rj, there exists X(t) > such that the corresponding 
solution u(t) to (|1.3p satisfies: 

T 

u(t,r) = (Q + e)(jy-r) with ||e(f), d t u\\ n = o(r)). 

This decomposition is not unique. Uniqueness can be achieved, using standard mod- 
ulation theory, by for example fixing an orthogonality condition on e, see Lemma 
12.11 The class of initial data which lead to the blow up dynamics of Theorem 
11.11 have energy just above E{Q) and are excited in a specific direction of the Qb 
deformation of Q. 

Definition 5.1 (Description of the set of initial data O). Let M be a sufficiently 
large constant and let b^M) > be small enough. We define O to be the set of 
initial data (uq,u\) of the form: 

Mr) = (Ai(m)ao + w °( r ) = ( P Bi(b ) + £o) Ao , (5.1) 
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ui(r) = (AP Bl(W ) (f )+w 1 (r), (5.2) 
where Eo satisfies the orthogonality condition: 

(e ,XAfAQ) = (5.3) 

We require that the following bounds are satisfied: 

• Smallness of bo: 

0<b < b* ; (5.4) 

• Smallness of Xq with respect to b^: 

A o < C +4 ; (5-5) 

• Smallness of the excess of energy: 

IK,Hlw<C fe (5-6) 

and 

\\wo,W!\\ H 2 <-^-. (5.7) 

Remark 5.2. Note that by the implicit function theorem O is a non-empty open 
setoff 2 . 

5.2. Decomposition of the flow and modulation equations. Let us now con- 
sider («o,ui) G and let be the corresponding solution to (|1.3|) with life time 
T = T{uq) < +oo defined as the maximal time interval on which u G C([0,T), W 2 ). 
It now easily follows from the orbital stability of Lemma l2.1l that for any (uq, u\) G O 
and t G [0,T(uo)) there exists a unique decomposition of the flow 

u(t) = (Q + ei)\(t) 

with A(t) G C 2 ([0,T),R* + ) and 

V* G [0,T), |a^| L2 + |A t (i)| + ||ei(t),0|| w < o(l) 6 *-,o (5.8) 

satisfying the orthogonality condition 

ViG[0,T), ( ei (t), X MAQ) = 0. (5.9) 

Based on this decomposition we define 

b(t) = -A t so that b(t) = o(l) 6 *^ (5-10) 

and for 6q small enough define the new decomposition with the profile Psx^t)) an d 
"the excess" s(t,y) = w(t,r): 

u(t,r) = (P Bl (b(t)) +e) (*' w^y) = ( P Bi(6(t))) A(t) +w(t,r). (5.11) 

Observe from (|5.9p and the choice of gauge (|3.64|) in the construction of Qb that: 

ViG[0,T), ( £ (i), X MAQ) = 0, («;(*), (xA/AQ) A(t) ) = (5.12) 

According, to section[H u>, e and W given by (I4.12p satisfy respectively the equations 
(|4.4p . (I4.10P and (|4.13j) . The modulation equation for b is based on the orthogonality 
condition (|5.12l) and will be derived in section 16.11 The precise control of the 
parameter b is at the heart of our analysis. According to the modulation equation 
for A (|5.10l) . the behavior determines the blow up speed and measures the deviation 
from the self similar blow up. 
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5.3. Initial bounds for (A, 6, w). We have now began the process of recasting the 
original flow for the function u in terms of the dynamics of the new variables (A, b, w) . 
Although the equations for \(t),b(t) are yet to be derived, we reinterpret the as- 
sumptions on the initial data (uo, Ui) £ O as assumptions on (A(0), 6(0), w(0), W(0)) 
and claim the following initial estimates: 

Lemma 5.3 (Initial bounds for the (A, b, w) decomposition). We have 

A o = A(0), 6 - 6(0) = 0(6 ofe ), (5.13) 

|H0), d t w(0)\\n =o(l) 6S _ , (5.14) 

h k+i 

|6 S (0)| + X \\W(0),dtW(0)\\n < TT^n- (5-15) 

|logoo| 

Proof of Lemma 15.31 

step 1 Estimates for A(0),6(0) and spatial derivatives of w. 
Let us first show that 

A = A(0), 6 - 6(0) = 0(C*), (5.16) 



(«;(0)) 



2 



(d r w(0)r + / < b 5 \ (5.17) 



r 



h 5k 

\\W(0)Mn<fL. (5.18) 
Indeed, first compare (|5.1|) and (|5.1ip at t = to get: 

U = (Q + (P Bl (b ) -Q)+ £o)a = (Q + (^Bi(6(0)) -Q)+ e(0)) A (o) 

with 

{(P Bl (b ) -Q) + eo, XmAQ) = ((P Bl (b(o)) ~Q) + XmAQ) = 
and hence the uniqueness of the geometric decomposition ensures: 

A(0) = A and e(0) = e + P Bl (b ) ~ p Bl (b(o))- (5-19) 

and 

w(0) =w + (P Bl{bo) - P Bi (6(o)))Ao (5-20) 
We now compute the dt derivative at t = 0: 

d t u(0) = i- ^(0)^ + 6(0)AP Sl(6(0)) ^ +d t w(0). (5.21) 

We take a scalar product of this relation with (xmAQ)a and first observe from 
(PHZ} that: 

(d t w,(XM^Q)\) = -j(w,A( X M^Q)x) 
and hence from (|5.19l) : 

1(9^(0), (xmAQ)ao) I < 16(0)^01(^0 + ^(60)- ^(6(0)), A(xmAQ)) 

< C(M)A |6(0)|(6r + |6 2 (0)-6g|). 
The last line uses the initial bound (|5.6|) and the results of Proposition 13.31 



Furthermore, 

(^1, XM AQ)=0 
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and hence from ((5.21(1 : 

(d t u(0),(x M AQ)xo) =A [bm^PB im) ,XMAQ) + O(\b(0)\(bl 0k + \b 2 (0)-b 2 \) . 

(5.22) 

Performing the same computation on (|5.2ft using (|5.7p yields: 



(d t u(0), (xmAQ)ao) = A [fe (AP Sl(6o) , xmAQ) + 0{bf k ) 
which together with (15, 22ft now implies: 

6o - 6(0) = 0(6j ofc ). 

This gives (|5.16|) . Estimate (|5.17p now follows by inserting (|5.6|) and (|5.13|) into 
([ODD . 

Finally, 



\\W(0),0 



2 



|d r A Ao i/;(0)| 2 + 



(^o«>(0)) 2 



< 



< 



H0),0" 2 

-An 



+ IKo),o||^ 



(5.23) 



|U7 ,0 



\2 



|2 

^ + IK,o||^ + ''" ' < 



(6o - 6(0)) 2 . 6^ 



A 



~ An 



where we used the uniform boundedness of the Qb profile in the TL 2 norm (note 
asymptotic behavior (13.71) . 1(3. 18ft at the origin). Thus (I5.20p . (|5.13|) and the initial 
bounds (15761 . ((577(1 . and ((5T181) follow. Note that for fc = 1, the bound (153231 requires 
some care and uses the fact that iV^^y) — 1| < y for y < 1 and hence: 

i^(o)i* + / M£ 

r<A ^<A r 



(i) 



d r I -a r w(o) + -^w(O) 



+ 



r<Ao 



-0 r w(O) + -^-w(0) 
r 



< 



< 



(d r 2 u,(0)) 2 + 



r<Ao 



r<Ao 



<9 r w(0) — 



+ 



HQ)) 2 

r<\ tf> r2 



, s „n ||U)(0), Oil 2 , 

|w(0),0|| 2 2 + " 1 ; ' " w 



x 2 



while 



< 



r>Ao 



|VA Ao w(0)| 2 + 



(A () ^(0)) 2 



r>Ao 



(5>(0)) 2 + 



r>Ao 



r>Ao 

2 
H 



(Vuj(O)) 2 



+ 



a 2 



which yield (|5.23p for fe = 1. 

step 2 Time derivative estimates. 
From (jO() . (I5T2TH . (15716]) : 



A a t «;(0) = b AP Bl(bo) - b(0)AP Bl(m) - 6,(0) 



5^ 
96 



+ wi. 



Ao 
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Therefore, 

A WO) = \ A Xo d t w(0) + X o (d t A x )w(0) 
Using (|2.5I) and (12. 6h we have 



(d t A 



X) 



d t V x {1) _ kb(0) (AQg"(Q)) Xo 



r A 

This implies from <^Ej, fEZ}, (lOOl) and (|5TT3ll : 



|5^(0)| L2 + Ao| W0)| L2 < (|6 a (0)| + bl ok ) + \ A ^t\v) + OK). 



We now derive from Proposition 13.31 the rough bound: 

dP Bl , , , 3P Bl , ^ / 1 for fc > 2 

and hence: 



+ Ata*"=i (5 24) 



|6 S (0)| for fc > 2 

|5^(0)| L2 + A | W(0)| L 2 < 0(C) + \ \b s (o)\ for /; " 1 (5.25) 



6o 



It remains to compute b s (0). This computation relies on the orthogonality relation 
(|5.12|) and is done in full detail in the proof of Proposition 16.31 In particular, we 
may extract from the explicit formula (|6.6p evaluated at t = the crude bound: 

k 

\bs\\^Q\h( y <2M) £ \(* Bi ,XmAQ)\ + 16(0)115^(0)1^11^-^1^(^2^,) (5.26) 



+ y 

M ° ( \A\ o w(0)\ L 2( y < 2 M) + |— —\L 2 (y<2M) 



We now examine separately: 
case k > 2: We first have from Proposition [37 



\(* BllX MAQ)\<M c b k+2 . 

We insert this together with ([BTTBI) , (I5T7D . ff5TT8^ into f[5T26|) to get: 

MO)\<\bo\\d t w(0)\L*+0(b k + 2 ). 

Combining this with (|5.25|) concludes the proof of (I5,14p . (|5.15p . 
case k = 1: From (l3~H2l . 

\(V Bi , X mAQ)\ <M c - b ~ 



|log&| 

and hence (l5~T6ll . (I5TT7H . (IPlTKD and (l5~26ll yield: 

|logM||6 s (0)| < |6 |VbgM|5 t y;(0)| i2 + 0( '''' 



log&ol 



Combining this with (I5.25P now concludes the proof of (|5.14j) . (I5.15P for M large 
enough and bo < 6g(M) sufficiently small. 

This concludes the proof of Lemma 
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5.4. The set of bootstrap estimates. Let K = K(M) > be a large universal 
constant to be chosen later, and let £(t),£ a (t) be the global and local energies as 
defined in (l2~T7l) . (l2~T8ll . Prom the continuity u G C([0,T),W 2 ), the initial bounds 
(|5.5p and (|5.14|) . (|5.15p of Lemma [531 we may find a maximal time T\ G (0, T) such 
that the following estimates hold on [0, Ti): 

• Pointwise control of A by b: 

A 2 < Wb 2k+ \ (5.27) 



• Pointwise bound on b s : 

• Global H 2 bound: 

• Local TL 2 bound: 



b k+1 

\b s \ < VK—rr. (5.28) 
|logb| 

£ (t) < Kb 2k+2 . 



M*) < K 7TZZTy2- ( 5 - 29 ) 



lp.k+2 

(log6) 5 

Remark 5.4. The large bootstrap constant K(M) does not depend on the small 
constant 6q, which provides an upper bound for possible values of the parameter b. 
It therefore allows us to assume that 

o(l) b ^ K(M) = o(l) b *^ . 

In particular, if C{M) is an even larger universal constant dependent on M and K 
and rj is the constant in the orbital stability bound (|6.1|) . we may assume that 

V ToC{M) < 1, 

Remark 5.5 (Coercivity of £). The potential part of the energy £ is the quadratic 
form of the Hamiltonian H\ given by (|2.12p . As a consequence £, as well as £ a , 
is coercive. However, the norm under control degenerates at infinity for k = 1. In 
fact, from d2~T41 . d2~T5H : 



A 2 ^ / ^ 



TP 



for > 2, (5.30) 



{d t Wf + (O r TP) 2 + 
and thus controls the Hardy norm both at the origin and at infinity, while 

for k = 1 (5.31) 



^2 ^ / °B C 



a „ W 2 

{d t wf + (d r w) 2 + 



r 2 (l + & 



and thus is not as strong at infinity. This difficulty will be handled with the help of 
logarithmic Hardy inequalities, see Lemma [B. II in the Appendix. However, logarith- 
mic losses in Hardy type inequalities are potentially dangerous, since for k = 1 all 
possible gains are themselves merely logarithmic in the parameter b. This explains 
why many estimates for k = 1 will require a very detailed, careful and sometimes 
subtle analysis, which in particular will keep track of log losses and log b gains. 

Our first result is the contraction of the bootstrap regime, described by (|5.27p - 
(|5.29|) . under the nonlinear flow. 

Proposition 5.6 (Bootstrap control of A, b s ,W). Assume that K = K(M) in 
(15371) . (15381 . (15391) . (15391 has been chosen large enough, thenVt £ [0,Ti), 

A 2 < b 2k+ \ (5.32) 
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Vk b k+1 
2 |logo| 

£ (t) < y6 2fc+2 , (5.34) 

£ ' (4) £ 2 (W (5 ' 35) 
^4s a consequence T\ = T . Moreover, the solution blows up in finite time 

T < +oo. 

Remark 5.7. The bootstrap bounds of Proposition 15.61 are not enough yet to 
provide a sharp law for the blow up speed. The fact that a sharp description of 
the singularity formation is not needed to prove finite time blow up was already 
central in [24], [25], [33] and [34]. This conveniently separates the analysis required 
for the proof of a finite time blow up and an upper bound on the blow up rate from 
obtaining a lower bound on the blow up rate, which relies on finer dispersive effects. 

The next section is devoted to the proof of the key dynamical estimates which 
imply Proposition! 



6. The excess of energy and finite time blow up 

This section is devoted to the proof of the bootstrap bounds ()5.34|) . (|5.35|) . The 
proof consists of two steps. First is to derive a crude bound on the blow up speed in 
the form of a pointwise control on |6 a |. This follows directly from the construction 
of the profile Pb 1 ■ The second step is a pointwise in time bound on the excess of 
energy of W in the region containing the backward light cone of a future singularity. 
Combination of these two estimates will establish (|5.34|) . (|5.35p . This will be already 
sufficient to prove finite time blow up with an explicit non-sharp upper bound on 
blow up rate. Note that the statements of a finite time blow up and stability of the 
blow up regime do not require the knowledge of the precise blow up speed. 

6.1. First bound on b s . The first step in the proof of the bootstrap estimates 
(|5.34l) . (I5.35P is the derivation of a crude bound on b s which will allow us to obtain 
control on the scaling parameter A and to derive suitable energy estimates on the 
solution. This bound is a simple consequence of the construction of the profile Qt 
and the choice of the orthogonality condition (15 . 12() . 

Let M > be a large enough universal constant to be chosen later and \ b\ < b^M) 
small enough. Let us start with observing the following orbital stability bound: 

Lemma 6.1 (Orbital stability bound). There holds: 

Vt€[0,Ti], \b\ + \\w,d t w\\ H < V = o(l) b ^ . (6.1) 

Remark 6.2. We note that ||u7,<9fw||H norm provides an L°° bound for w and e 

\w(t)\L°° = |e(s)U°° < V- 
This is a consequence of the simple inequality 

W \r)< J (W + ^), 

which holds true for smooth functions vanishing at the origin. 
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Proof of Lemma 16.11 

First recall from (|5.8p . (|5.11|) that \b\ = \X t \ < o(l) b *^ and hence: 

IK0|| H < ||ei,0|| + \\P Bi -QA\h < 0(1)65-0. (6-2) 



It remains to prove the smallness of the time derivative for which we use (|5.8|l . the 
estimates of Proposition 13731 (|5.24j) and the bootstrap bound (|5.28j) on b s : 

l|<9Hk 2 ^ \\9tu\\ L 2 + \\b a ^^ + bAP Bl \\ L 2 <o{l) b *^o + \b s \\\^^-\\ L 2 
< »dk-o + w{! for t = l 



< o(l) 65 ^o 



and (|6.ip follows. This concludes the proof of Lemma I67T1 

We now claim the first refined bound on b s : 
Lemma 6.3 (First bound on b s ). The following bound on b s holds true on [0, Ti) 



\bJ 2 < ' 



logM 
In particular, 



\Ae\ 



I N(Ae)\ 2 +[ 

Jy<2M Jy<l V 



2k+2 



ti 

+ TT~^ + b 2 M c £. (6.3) 



1 u2k+2 

Remark 6.4. Observe that the upper bound on b s given by Lemma [6731 is sharp for 
k = 1 but very lossy for large k compared with the expected behavior |6 S | ~ b 2k . At 
this stage, sharp bounds could have been derived by further improving the profile 
inside the light cone as we did for k = 1, 2, but this is not needed for large k. 

Proof of Lemma 16.31 

Let us recall that the equation for e in rescaled variables is given according to 
([12D, (1431). (1461) by: 

d 2 s e + H Bl e = - b s AP Bl - b(d s P Bl + 2Ad s P Bl ) - d 2 P Bl 

k 2 

- b{d s e + 2kd s e) - b s Ae - -zN(e) 

y z 

with 

H Bl e = -Ae + b 2 DAe + k 2 ^^-e, 
N(e) = 1 [f(P Bl + e) - f(P Bl ) - f'(P Bl )e] . 

yl 

Note that from (|1.20p . the adjoint of H B with respect to the L 2 (ydy) inner product 
is given by: 

H* B = H B + 2b 2 D. (6.5) 

To compute b s we take the scalar product of (|4.4p with xm^-Q- Using the orthogo- 
nality relations 

(e, xmAQ) = (dT(P Bl ~ Q), XmAQ) = 0, Vm > 
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we integrate by parts to get the algebraic identity: 
b 



(AP Bi , XM AQ)+b(^ + 2A^, XM AQ) + (A £ , X mAQ) 



-(* Bl ,XAfAQ) 



(e, H* Bl (xmAQ)) + 6(5 s e, 3 X mAQ + A(xmAQ)) - fc 2 



,N(s} 
' y 2 



,XmAQ). 



(6.6) 



On the support of xm and for b < b$(M) small enough, the term AQ dominates 
the remaining terms in the expansion 



P+i 



AP Bl =AQ b = AQ + Y J b 2j AT r 

3=1 



The orbital stability bound then yields: 



|aq| : 



y<M 



< 



(* Bl , XmAQ) 2 + | (e, H* Bi ( X mAQ))\ 2 + b 2 \ (8 s e, 3 XM AQ + A( XM AQ)f 



+ |(^,XAfAQ)| 2 . 

We now treat each term in the above RHS. The last two terms may be estimated 
in a straightforward fashion using the \M localization: 

b 2 \(d s e,3 XM AQ + A( XM AQ))\ 2 
< b 2 \(d s e + by ■ Vs,3 X mAQ + A( XM AQ))\ 2 + b 4 \(y ■ Vs,3 X mAQ + A( XM AQ))\ 2 



< b 2 X 2 M c 



,d t w. 



L 2 



+ 



W 



r 2 (l + | logr | 



L 2 



< b 2 X 2 M c [\d t W\ 2 L2 + \A* X W\ 2 L2 ] 



where we used the estimates of Lemma [B,2l Lemma TB.4I and (|B.19|) . Similarily, 
from (IbTTTT) : 



I(^,XmAQ)| 2 < 



y< 



2M y 2 (i + y 



2 

L 2 



< M C |V £ U 2(2/ < 2M) |^| L2(2/ < 2M) |AM £ | 2 2 < M c \A*Ae\\ 2 < b 2 X 2 \A* x W\ 2 L2 

where we used (I5.29P in the last step. The first two terms in (16. 8p require more 
attention. First observe that the xm localization ensures that 

^BXM = ^bXM- 

Next, we rewrite the linear term in e as follows. Using H = A* A and the cancellation 
A{AQ) = from ((278J) we derive: 



(e,H Bi ( X MAQ)f 



1 



e,H( XM AQ) + 2b 1 D{ XM AQ) + -^(f(P Bl ) - f'(Q))(x M AQ) 



< {Ae,{AQ)d yX Mf + b 2 \ 2 M c \A\W\ 2 L2 



(6.7) 



where we used (|B.lip and the rough bound |P Bl — Q\l°° < b. We have thus obtained 
the preliminary estimate: 



\b s 



[ \^Q\ 2 ) <(^B 1 ,XMAQ) 2 + (Ae,(AQ)d yX M) 2 + b 2 X 2 M c £. (6.8) 

Jy<M J 
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We now separate cases: 

case k odd, k > 3: We estimate from (I3.14p 



(* B ,XMAQ) 2 <b 2k + 6 
(As, (AQ)d y XM) 2 



y 



v 



< 



1 + y k + 2 1 + y 2k 
(As) 2 



y<2M V 



M<y<2M 



< h 2k+6 

\AQ\ 2 



< 

~ M 2k 



\Jy<2M Jy<l 



Ae 



y 



(6.9) 



where we used (|B.4p in the last step. This concludes the proof of (|6.3 
case k even, k > 4: From f|3 . 1 1 p : 



(*B,XMAQ) 2 \<b 2k+& (J- 



+ y k+1 l + y 



2k 



< b 2k+ * 



and (|6.9p still holds. This concludes the proof of (|6.3 
case k = 2: From (ETT7j) : 



6 4 AQ + 6' 



6 IT 



l + y 



(* s , X mAQ) 2 < 

'y<2M 

and (|6.9p still holds. This concludes the proof of (|6.3 
case k = 1: From (l3~2Ul) : 

N 2 



fe+1 



< 



(^ b ,xmAQY 



y 



y<2M 



i + y 2 



y , ,, , , ,4(i + |log(^)l), . & 4 



|log6| 1 + y 2 



+ 6*yly<l + 6 4 



|log6| 



M 4 



(logM) 2 1 + y 4 



f> 4 



* (logM) W 



For the linear term, we use f)B.4[) to derive: 



(Ae,(AQ)d yX M) 2 < (f 

\Ja 



(Ae) 



M<y<2M y 



M<y<2M 



< logM ( I \V(Ae)\ 2 + I \AeA. 

\Jy<2M Jl<y<l / 



'y<2M Jl<y<i 
It is now crucial to observe the growth on the LHS of (16. 8j) . specific to the fc = 1 
case: 

I / / W > 1 2 \ ,-,i,.,.ir,2|;, |2 

and (16.311 follows. 



/ |AQ| 2 V > C(logM) 2 |6 s 

Jv<2M J 



\b s 



This concludes the proof of Lemma 

6.2. Global and local TL 2 bounds. In this section we establish TL 2 type bounds 
on the solution w. The global bound corresponds to the energy £(t), while the 
local bound is connected to the energy £ a (t) and provides an H 2 type estimate for 
the solution in a region slightly larger than the backward light cone from a future 
singularity. These bounds rely on non-characteristic energy type identities for (|4.13p 
and specific repulsive properties of the time-dependent conjuguate Hamiltonian H\ 
given by (|2.12l) . This estimate is the second step in the proof of Proposition 15.61 
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Lemma 6.5 (H 2 type energy inequalities). In notations of (|2.17p . (12 . 18|) and for 

b < Oq{M) small enough, we have the following inequalities: 



d £ 



+ 



+ 



\b s \V£ r]i£ 



+ 



< A r 

~ A 3 



dt I A 2 I A 2 A 2 A 2 I j 

b s \ 2 + b 2k+2 + (\b s \ + b k+1 )V£ + rf*£ 



(6.10) 



dt) X 2 



< A 
~ A 3 



\b s \ 2 + 



\ A2 

\^bj 



+ 



rr a b^£ 



+ (\b s \ + 



A 2 A 2 
b k+i 



|log6| 



f £a + 



£ 



log6| 2 



(6.11) 



Remark 6.6. It is critical that the constants involved in the bounds (|6.10j) . (16. lip 

do not depend on M provided bo < 6q(M) has been chosen sufficiently small. 



Remark 6.7. Note that the logarithmic gain from the global bound (|6.10|) to the 
local bound (|6.11|) can be turned into polynomial gain for k > 2. 



Proof of Lemma 16.51 



The proof is a consequence of the energy identity on (|4.13|) and the bootstrap 
control of the geometric parameters. The key is the space-time repulsive properties 
of the operator H\. 



step 1 Algebraic energy identity. 



We recall the definition of the cut-off function o~b c given by (12.191) and of the 
localized energy £ a given by (12, 18ft . In the sequel, we shall use the notation a 
generically for both a = 1 and a = ob c given by (12.191) . 
We claim the following algebraic energy identity: 



ld_ 
2~dt 



a 

36 f o-W 2 



( W 2 + (y W f + 2 A W 2 - id t V^d t wW 



r 

2 



AQ (kg" + k -{g'g" - gg"')\ (Q) -bf dr a^-(kAQg" (Q)) 



1 



+ ~ 2 ld t a 



x 

Y , ,,„■>> , k 2 + l + 2 V^ + V^ w2 



(d t wy + {d r wy + 



2 / d t a— dtV^dtW- / i) r ai) r \Y(h\Y 



(6.12) 



+ 



[wd t W -2W8 t w]-2 j < ^-d t V^ ) F Bl + f ad t WA x F Bl . 
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Proof of (|6TT2l) : We proceed with the help of (127121) . (l4~T3ll : 



l_d 

2di 



| a[(d t Wf + (9 r ^) 2 + fc2 + 1 + 2 J A(1 +V * W 2 



\ j d t a[{d t W) 2 + (d r W f + 



k 2 + 1 + 2V X (> + V, 



(!) , T/( 2 ) 



■ A 



-w 



(6.13) 
] - y Va • WW 



+ / (T^W^ttW + H\W) + - 
= \ J d t a[(d t W) 2 + (8 r W) 2 + 



i r o-w 2 



2dM 1] + d t v } 



(2) 



A 



A 



fc 2 + i + 2yW+yf 



+ / o-d t w 



d tt vi l) w 2dtVy'dtw 



1 /"crT^ 2 

+ - 



d r ad r Wd t W 



2d t V x {1) + d t V x {2) 



The third term on the last line above requires integration by parts: 



ad t W 



2dM 1] d t w 



d 
df 



aW 



j t <l " w 



aW 



2dM 1] d t w 



2d t V x {1) d t w' 



d tt v^dtw + d t vy'F Bl 



w 

r L 



d t adM l) d t w + aduV^dtw + adtV^duW 



2 1 a^s^f 



(1) 



+ 2 



aW 



dM 1] H xW 



(6.14) 



where we used (|4.10|) in the last step. We now integrate the last term above by 
parts in space using (|2.5|) : 



2 / a- 



^d t V^Hw = 2 
W 2 



^d t V^A* x W = 2 



aW 



dtVP d r W + 



i + v; 



(i) 



a + v x {1) )d t v x w - r -d t d r v x {1) 



o r ad t V x ' . 



-W 



Inserting this together with (I6.14p into (16 . 13|) yields: 



2di 



J a[{d t W) 2 + (d r W) 2 + 



w 2 



+ / (xd t w 



k 2 + 1 + 2V, (1) + V[ 2) 9 4 n m „ 
— r2 x W - -d t V x w d t wW) 

\(2d t V x {l) + d t V^) + 2((1 + V x {1) )d t V x {l) - r -d t d r V^) 



A x F Bl + 



dttV x (1) w 



r 



d tt v x {1) d t w + d t v x {1) F Bl 



i /" d t a[(d t W) 2 + (d r W) 2 + 



P + i + 2yW + yf 



d r ad r Wd t W 



W 2 



s^y^ - 2 / ftcrcW 



r (i) Wd t w 



42 



P. RAPHAEL AND I. RODNIANSKI 



An explicit computation from (|2.6p . (I2,12p yields: 

d t V x W = kj(AQg"(Q)) x , dtV^ = k 2 j(AQ[g'g" - gg"']{Q))x 



(6.15) 



and 



vWdtV® - r -d t d r V^ = b ^(AQ(g'g" - gg"'){Q))x = \d^\ 



and ([632} follows. 



Remark 6.8. A fundamental feature of (|6.12l) is that the first term on the RHS of 
(|6.12l) which could not be treated perturbatively has a sign. Indeed, in the (WM) 
case, g(u) = sin(u) and thus from (|2.3p : 

y J —pr A( 5 y k 9 + y(j 9 -gg )){Q) = — — J <?-pr sm \Q) < °- 

In the (YM), we compute from g(u) = |(1 — u 2 ) and f|2 . 3[) : 

y / ~pr~ A Q[ k 9 + ytefl -gg ) j [Q) 



^/^(1-Q)(l-Q 2 )<0. 



For future reference, we record here an estimate on dtV x 



\d t V x (1 \r)\<~ 



(i). 



(6.16) 



which applies in both the (WM) and (YM) case. In the former, however, we also 
have a strengthened estimate 

'^ (1)(r)l -x(TT^) A ' (07) 

which follows from the vanishing properties of g(Q) = sin(Q). We can unify them 
in the following bound 



l^ A (1) (r)l<7 



A V 1 + r 4 



(6.18) 



As a consequence the last term on the LHS of (|6.12p can be estimated as follows: 



a-d t V x {1) d t wW 



(d t w 



1 + r 8 



< C(M)b(\d t W\ L 2 + \A* X W\ L2 ) \A* X W\ L 2 < C(M)-£ 



where we used flBTTOl) . 

We now aim at estimating all the terms in the RHS (I6.12p 
step 3 Control of the boundary terms in a. 
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We treat the boundary terms in a which appear in the third line of the RHS 

2 
b 



(|6.12l) . Observe from the explicit choice of <tb c with B c = | and (j5.28J) that 



d t cr Bc 



b + 



(,V)(t^)<-^IV" ' 



\9 r (TB c 



\d, 



XB C 
r 



XB r 1 " 1 v XB, 



\B r 



2A 



XB r 



and hence 



This reflects the fact that r = CXb 1 are space- like hypersurfaces for any choice of 
constant C > 1. Recall also from (EHJ, ([2351) that 



and hence: 

1 

2 



<9f<7 



fc 2 + 1 + 2F A (1) + V x {2) > 



/« x9 ,„ x9 A: 2 + 1 + 2K (1) + V, (2) „ 

{d t wf + (a r w) 2 + — 9 X x w 2 



< 



d t a [(d t wf + {d r wy 



d r ad r Wd t W 
(6.19) 



The other term is estimated by brute force: 



W 



2 / 8 t a— d t vPd t w 



< 

~ A 2 



b 2 f W\d t w\ ( r 



1 + r 4 



< 



&( [ (d t w) 
X 



2X1 



\A* x W\ L z < C(M)^£ 



< ^£ 
~ A 3 

where we used (l2~T6t (15391) . Finally, observe that KQg"(Q) < and d r a < 
imply that 



f W 2 
-b / cW (kAQg"(Q)) x < 0. 



step 4 f^V^ terms. 
We compute: 

9uV x W = k^^(AQg"(Q)) x + k 2 ^ (AQ(g' (Q)g" (Q) + g{Q)g"'{Q))x 



and hence using the bootstrap bound (|5.28|) 

r 2k 

\duV x W \<""" " 



X 2 



1 + r 



1A: 



< 



„2k 



A 2 \ 1 + r 4fc 



in the (WM) case and 



,o F (i), < N +b 2 



r 

i + ) A ~ A-' V. 1 • r 2/ V x 



for the (YM) k = 2 case. We can unify them in the following bound: 

\d*V®\ £ 



A 2 V 1 + 



(6.20) 



(6.21) 



(6.22) 
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As a consequence, we obtain using (I2.16p . (jB.lljl . (1B.19|) : 



crd tt V x 



(i> 



[wd t W - 2Wd t w] 



w 



b_ 

r 2 (l + r 8 )JJ + A2 



e 



< C(M)- 



1 + r 8 , x 

+ h {\\dtWf L2 + \\A\W\\l,y (A 2 ||A^|| L2 )^ 



I h 2 i 

" /,, „ 2 i II 4* wll2 \o /'\2|| ,(* 



( W + (A\Wf 



<C(M)^£<^£. 



step 5 Decomposition of F Bl terms. 



We now decompose the term involving F Bl , given by (|4.10p in (|6.12|) . as follows. 
We first write: 



F Bl =F X - d t F 2 with F 2 = -(d s P Bl )x- 



(6.23) 



Recall from Remark 14.11 that there is no satisfactory pointwise bound for b ss and 
hence for dtF2. We thus have to integrate by parts in time: 

-2 J ^d t V x {1) F Bl + J ad t WA x F Bl 
= -2 J < ^-d t V x {1) (F l - d t F 2 ) + J ad t WA x (F 1 - d t F 2 ) 
= J^j^ t V x ^F 2 -jad t WA x F 2 ) 
- 2 J F 2 d t (^-d t V x {1) ) + J A x F 2 (ad tt W + d t ad t W) 



aW 



dM 1) F 1 + / ad t WA x F x + / 4W^-F 2 



(i) 



We then use the equation (|4.13p to compute: 



aA x F 2 d tt W 

aA x F 2 H x W + / oA x F 2 ( A X F\ - A x d t F 2 + + 



d tt V x (1) w | 2d t V x {l) d t w S 



/f ( d V 

(A* x W)A* x (aA x F 2 ) + / oA x F 2 I A X F\ + J -^F 2 + 

J a(A x F 2 ) 2 \ + ^ J d t a{A x F 2 f. 



d ri 

dt 1 2 
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We finally arrive at the following identity: 

-2 J ^-d t V x {1) F Bl + J ad t WA x F Bl 

1 2 J ^d t V x (1) F 2 - J ad t WA x F 2 -ij a(A x F 2 ) 2 } 



d 



- 2 



9fV x F\ + / adtWAxF 



F 2 



W m d f W m W 
2d t a—d t V x {1 > + a—dtV^ + 2a—d tt V : 



(i) 



aA x F 2 



A X F X + 



diV- 



t A 



(1) 



d tt V x {l) w 2d t V x (1) d t w 



(i). 



-F 2 + 



+ 



1 



8 t W + -.4 A F 2 



We now treat all terms on the RHS (|6.24|) . 
step 6 F 2 terms. 

In what follows we use the crude bounds 



- J (A* x W)A* x (aA x F 2 ) 



^ 1 

\dbPB 1 \ < (l+y^llogfel 1 ^^ 25 ! + fe^ 1 S)<y<2Bi' 

ly<2B + I^T+fc 1 ^l< |/ <2B 1 ' 



I^A-PbJ ^ (l +2/ fe)|log6| 



We treat all F 2 terms on the RHS of 



(6.24) 



(6.25) 



Firsi line in the RHS of (|6.24l) : The crude bound Ic^-PbJl 00 ^ 1 follows from 
(16^51) . Therefore, from (151UD . (I6T81) : 



5 4 K (1) F 2 



< b\h\ 
~ A 2 



VF 2 



< 



A 2 



r<2ABj r 2 (l + ^) 

1 6. 



j/<2Bi 



r 4 (l +r 2 ) 
1 + r 8 



(J ^ 2 V L '7 



j^ t WA x F 2 \ < + 



| a(A A F 2 ) 2 < 



1 6, 



1 



lj/<2Bi + 



A 2 7 V(i + y 2 )iog 2 6 

T/i«rd line m i/ie FtfS' of (K04l) : From (I6T81) : 



F 2 3^«9^ A (1) 



< 



< 



b 2 \b s 



W 2 



\b I 2 
<^-. (6.26) 



2AB c <r<3AB t 



r 2 (l + (Ar) 2 ) 



A 3 

b 2 |log6||&J , , 6 „ £ 

A 2 



y<2Bi 



r 4 (l + r 2 ) 
1 + r 8 



I^U. < ^ U"-l 2 + |l„ gif 
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/ 



< 



< 



^M\^ 9t w\ L 2<^\b s \^s:, 



< 



\b s \b 2 
A 3 



W 2 



lr<3XB c r 2 (l + \JyK2B! V 1 



r 4 (l + r 2 ) 



and from (l6~22ll : 

b 2 \logb\\b s \ b ( 2 £ \ 

Fourth line in the RHS of (16 .24ft : We leave aside the term involving Fi which will 
be treated in the next step. From (I6.18P : 

f dtV^ 
/ <tA x F 2 -^^F 2 
J r 



b\h 12 



~ A 5 Jy<2 Bl \r(l + r*)) x - A 3 ' 6 * 1 • 



From d6T25j): 

d a V x {1) w 



aA x F 2 - 



< 



< 



\b s \b 2 
A 4 

\b s \b 2 



b ( 2 g 
~ A 3 V 1 sl + |log6| 2 



where we used (IB.llj) in the last steps. Finally, from (IB.19j) and with the help of 
slightly stronger bounds 



|*^|<— ^ - 



(1 + 2/ fc )|log6| i + (b(i + y ))^ 
(6(1 + 1/))* 



fryfc A ^<l»<2B 1 ' 



OWy-TBi ^ 7J— TTTj 77 — — T i S/<2B + 7TTTF s °<»/<9Ri • 

(1 + y fe )|log6| x + (5(x + y ))2 6y 1+A; ~ <^< 2 ^ 



we obtain 



j <tA x F 2 



d t V x {1) d t w 



< b\b 3 \ ( f(d tW ) 2 y 

~ A 2 



/ \T ( by i 



< 
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Fifth line in the RHS of (|Q4l) : From (KT25ll : 
J d t aA x F 2 [d t W + ~A x F 2 ] 



A2 



2B c <y<3B c \(l+^ 2 )log ^ 



.211, 12 



+ 



b 2 \b 



A 5 



2B c <y<3B c 



< 



^d t W\ 2 L2 b\b s \ 2 
\\ogb\ + A 3 



which is absorbed thanks to (I6.19p . 

For the last term, we need to exploit an additional cancellation in the case k = 1. 
We compute from (|3.65l) : 

A*(aAd b P Bl ) = oH{d b P Bl ) + d y aAd b P Bl 

dbib 2 ^) d\ogB x y , 



°H xb 1 



db db B 

Using the estimate (|3.61|) on d b P Bl and its derivatives 
d m dP B 



-XsAQb-^ +d y aAd b P Bl 



dy m db 



^ by^jl + \\ogby\) 1 1 

|l0g6| 6|log6|y 1 + m ^<V<^! + byl+m ^<y<2B 1 

b 



+ C(M) 



as well as (|3.19p for Ti, we can easily conclude that 



A*[aAd b P Bl ) = <?Xb 1 



db 



+ 



1 



6|log6|y 3 " L ^ 1 <y< 2S i + 6y3 1 ^<y<2B 1 ° CT = 1 



1 + y l+m> 



We use that HT\ verifies the equation 

HT X = -DAQ + CbAQxB&, 

4 

which immediately implies from DA(-) = that |DAQ| < and 



d b {b 2 HT x ) ^ by 



Ob 



< 



+ 



by 



1 + 2/3 (l + y 2)| log6 |^ 



As a consequence, 



\A*(aAd b P Bi ; 



< 



by 



i + y 3 

1 



ly<2B-i + 



by 

(l + y 2 )|log6| y ^ 2Bl 



+ 17a 1 *!.. 



6|log% 3 ^<?/<2Bi 6y3 ^<y<2S! 



,<W (6.27) 



For cr = l, this yields: 

(^)A* A (aA A F 2 ) 



< 



N 

A 2 



|A* A W| 



L- 



2„.2 



b 2 y 



2„,2 



+ 



+ 



y<2 Bl (1 + y 6 ) ' (l + 2/ 4 )(log&) 2 ' 6V^^ 2Bl 
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For a = a b c , observe that (|6.27l) on the set y < Bq/2 is an improvement relative to 
a more straightforward estimate 



which follows from (|3.6ip . Such an estimate would imply that 

j \A*{aAd b P Bl )\ 2 <b 2 \\ogb\, 
as opposed to the improved bound 

\A*(aAd b P Bl )\ 2 <b 2 



(6.28) 



We also note that (|6.27|) and thus (|6.28p follow similarily from Proposition 13,31 for 
all k > 2. Hence: 



(A* x W)A* x (aA x F 2 ) 



\bs 
A 2 



< ^\A* X W\ L2 



1 



+ ^\^A* X W\ L2 



2„.2 



b l y 



y< 



2 Bl (i + y 6 ) 



1 2/ <2B 1 + 



^<y<2 Bl b 2 \logb\ 2 y^ 
b 2 y 2 



[l + y*)(logb) 



2 L y<2B 1 



< 



In the last step, we used the inequality 

(1 + F (1))2< k 2 + 1 + 2V (D +V (2) j 

which can be verified by a direct computation. Hence: 



a(A* x W) 2 = 
step 7 Fx terms. 



1 + ^A (1) 

d r w + ^-w 



- 2 











{d r Wf + 



(6.29) 



e + l + 2K (1) + v[ 2) 



W z 



We now turn to the control of F\ terms appearing in the RHS (|6.24p . For this, 
we first split Fx into four different components: 

1 



Fx = F x ,x + F x ,2 + Fi >3 - ^ (*bJa 



(6.30) 



with 

= -^2 [ &A ^ p Si + b s AP Bl ]x , Fx, 2 = ^ [f(Q) - f(P Bl )\ x w, Fx, 3 = ^N(w). 



Fx t x terms: We estimate from Proposition 13.11 

by k 



V 



|APBl1 ~ (l + 7 fc )|log6| ly - 2Bl + if^ 1 ^ 251 
which together with (|6.25p yields: 



(6.31) 



Fhi\< 



dy 



by 



k—m 



y 



k—m 



A 2 \(i + y k )\iogb\ 



1 v<2B 1 + 1 2fc l y <2Bi I , < m < 1 



49 



Next, the cancellation A(AQ) = implies the bound 



and thus: 



I a F lK \bs\ ( by*- 1 1 , l 1 

l^l.ll £ -T3" n x^HWH 1 ^ + Vik+T 



From (IQ8D : 



aW 



< M 

~ A 3 



W 2 



(7- 



r 2 (l + 



J?) 



r 4 (l +r 2 



6" 

+ 



2A- 



|log6| 2 l + r 4fc 



< ^w L2 ( (1+r 6 2)log2b + ^i^ 2fll 



< b -jr\V^d t w\ L ,<^\b s \^, 



aA x F 2 A x F hl 



~ A 3 



\b s 



f 1 ( by 1 \ / y 1 

7 ^ V(l+y)|log6| ly " 2Bl + y 1 ^ l <»<2Bi J V(l+y)|log&| 1?/ - 2Bl + 6^ 1 ^<^<2Bi 



< N± / ( * ^ < A 

~ A 3 y,< 2Bl V(l + 2/ 2 )(log6)V ~ A 3 



F12 terms: Take note that the term Fi j2 is not localized inside the ball y < 2B\. 
We first recall the estimate: 

\P Bl -Q\ = \(l-XB 1 )(a-Q)+XB 1 (Q b -Q)\ < g(M) l+ b y fc _ 2 l,< 2gl + ll^, 

which follows from Proposition 13.11 It implies: 

|/'(P Bl )-/'(Q)| < |P Bl -Q| / |/ // (rPfl 1 +(l-r)Q)|dr < C(M)-^l 9 < 2Bl +il a . 

In the last inequality we used that for the (WM) problem \ f"(ir + R)\ < i? while 
the (YM) bound \ f"(R)\ < 1 only applies to the case k = 2. Hence from (iBTTTTl : 



A 3 J y >E± y w A 3 7 y >^ y 8 
< £W [&V*^|| 2 + 6 5 |AMe|i 2 ] < C (M)^\A X W\ 2 L2 . (6.32) 
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This implies: 



< 



< 



C(M) 



\wW\ 
r 
b 3 



y 



i + y 4 

\eAe\ 



A 3 J l + y 5 



1 + 2/ £ 



b 2 y 2 1 

l + y 2 y j a 



Y^f <C(M) b ^-\AlW\ 2 L2 



from (IRTTI) . Similarily, from (lQ2ll : 

6 2 



Finally, from (IQ2ll : 

(7^1*2^^1,2 



< C(M)^\A\W\ L 2\b s 



y<2B 



A 2 

< A(|6 s | 2 + 6§£). 



A 3 



1*1 3 terms: We now turn to the control of the nonlinear term. In this section we 
will also use the bootstrap assumption (|5.34p in the form: 

A 2 (\A*W\ 2 L 2 + \d t W\ 2 L2 ) < Cb 4 (6.33) 

for some positive constant C. We may assume that C is dominated by the constant 
C(M), which in turn, as before, can be assumed to satisfy C(M) < ry^To. 



We claim the following preliminary nonlinear estimates: 



/ 



w 



< V *\A* X W\ 2 L2 



and 



/ 



\W\ 



lr<3\B! r 

Proof of (JS33), (lQ5jl : We rewrite 

\w\ 



< b2\A* x W\ 2 L 2. 



(6.34) 
(6.35) 



1 



and split the integral in three zones. Near the origin, we rewrite: 



As 



-dy£ + 



A 2 J y 4 
the 

-yd y 



e\ VM-1 
- + e 

y) y 



from which: 



< 



(As) 

y <i \y\ 2 



+ 
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We now estimate for k > 2 from tf2TT6]) . (iBl)]) : 



{Aef 

\y\ 2 



+ 



, 2 < 



2/<l 



|yh iy<i y 

< C(M)|^Me|2 2 . 



+ / < C(M) 



(^) 



In the k = 1 case, we use the cancellation |V^(y) — 1| < y (in fact y 2 ) for y < 1 
and (l2~T6]) . (iRTTTl : 



|y| 2 



+ 



Q4e) 2 /* £ 2 
|y| 2 



ly<l W\ Jy<l V Jy<\ 

We thus conclude from the standard interpolation estimates 



+ / -<C(M)\A*Ae\l 2 . 
y<l y 



j/<1 V 



< 

4 



y<2 



< 



C(M)6 4 |AM e |i 2 <6f|A*Ae|^ 



+ 



y<2 y 



s/<2 y 



4^ < \A*Ae\h 



(6.36) 



where we used (iRTTll and fT33ll in the last step. For 1 < y < AB 1 , we have from 
ABU) , dRlll and (16T331) that: 



kli-d^iBa) £ S l \logb\'\A*Mk Z C(M)b 2 \logb\ 



(6.37) 



and hence: 



i<s/<4Bi y 



~ Hz/ 



. (1 <«<4ft) / ^<C(M)& 2 |log6|V*^l! 2 



< C(M)6a |^Mg| 2 2 < bi \A*Ae\ 2 L2 



(6.38) 



where we used (jB.lip . This concludes the proof of (|6.35p . It remains to control the 
integral in (|6.34p for y > 45. For k > 2, we have from (|B.9p . the orbital stability 
bound {EE]) and (l2~ToT) : 

which yields (|6.34|) for k >2. For = 1, we need to deal with the logarithmic losses 
in (|B.lip and have to sharpen the control. We argue as follows. Let V'Si(y) = ^(b") 
be a cut-off function with V'(y) = for y < 1 and tp(y) = 1 for y > 2. We compute: 



< C 

< c 



\ I 1> Bi {e)% (±\dy=\J "1 [(e) 4 ^ +# Bl (e) 3 <V] 
(^) 4 ' ' 



Bi<y<2B! V 



e) 3 



e - Ae 



Jsi< y <2Si y J y J y A 



e + Ae 



< C(M) v 2 \A*As\ 2 L2 - 2 J $ Bl 



e + 
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where we used that |Vi(y) + 1| i$ y (in fact for y > 1, the orbital stability bound 
(|6.ip and (jB.lip . (|6.38p . We now use Holder and Sobolev inequalities to derive: 

3 / 1>b^- < C{M)r) 2 \A* Ae\ 2 L 2 + J i>B^\Ae\ < ^A'Ae^ + (| M^r) 

< r,\A*Ae\b + (/ ^^r) 4 \Ae\l\V(Ae)\l 2 

< ^ b ^ + \A*Ae\1^\ 

where we used the orbital stability bound (|6.ip which implies 

\Mh<\Ve\l> + \ £ -\ 2 L .<r,\ 

This concludes the proof of the global bound (I6,34p for k = 1. 

We now claim the following controls: 

J \F li3 \ 2 <^\A\W\l^ (6.39) 

/ \F lj3 \ 2 <bl\A* x W\ 2 L2 , (6.40) 

Jr<3XB 

J IWifll 2 <^\AlW\b, (6-41) 
Proof of (I6T391) . (IQl . (I6T4TD : First recall the formula: 

Fi, 3 = ^ [f((P Bl )x + w)- f((P Bl )x) - MPbJM ■ 
We thus derive the crude bound 

|2 



1,3 1 ^ 



10 



and hence (I6.39p . (I6.40P directly follow from (|6.34l) . (|6.35l) . Next, we compute: 

dtF h3 = ^d t (P Bl ) x [f'((P Bl ) x + w)-f'((P Bl ) x )-f"((P Bl ) x w] 

+ ^d t w[f((P Bl ) x + w)-f'((P Bl ) x )} 
which yields the bound: 

\d t F 1>3 \ < ±\d t (P Bl ) x \\w\ 2 + ±\f"((P Bl ) x )\\w\\d t w\ + ^\dtw\\w\ 2 . 
We now square this identity, integrate and estimate all terms. From (I6.25p . (|6.31l) . 

1 



\dt(P Bl ) 



A|L° 



< 



A 

and thus from (|6.34l) : 



bs 9 -^ + b AP Bl 



< \b s \+b < b 
A ~ A' 



A 2 

Next, we have from (|B.19|) : 



3 



|^(p Bi ) a | 2 h 4 < & 2 /■ H^^ii, , 



r<2ABi 



I^Hoc < |VdH L2 |^| i2 < C(M) (|^W|| 2 + \dtW\h) ■ ( 6 - 42 ) 
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For k > 2, we then use the fact that |/"(Pbi)| ^ 1 and is supported in y < 2B%, 
with additional help of (|6.33l) and (IB.9[) followed by (|5.30j) to estimate: 

! - A \f'{{PB,)x)\ 2 \M 2 \dtw\* < C(M) {\A X W\ 2 L2 + | d t W\ 2 L2 ) -L / ^H 2 

J r A Jy<2B V 

< C (M)^\A*Ae\ 2 L2 < b ^\A* x W\ 2 L2 . 
For k = 1, we use the improved bound [/"(P^ (y))| < and (|B . 1 1 () : 

^\f'({PB^)\ 2 \ W \ 2 \dM 2 < C(M) (\A* X W\ 2 L2 + \d t W\ 2 2 ) 1 / -^-^ 



< C(M)^\A*Ae\ 2 L2 < b ^\A* x W\ 2 L2 . 



Finally, from (1Q3D and (|Q2|) : 



|9jtt;| 2 |?i; 14 



< 



This concludes the proof of (|6.4ip . 



ED 



We are now in position to control the Fi^ terms in f)6 .24[) . First from (|6.39|) . 



A 3 



(6.43) 



j "B^W^F^ < ^|Fl >3 U 2 (,<3A Bc ) (/ 



r 2 (l + r 8 ) / A 



(6.44) 



<M A d t F 1)3 + <r-^^F 1)3 + d t aA x Fx, 



The second term in (|6.24p requires an integration by parts in time: 
J ad t WA x F h3 = jAj tTWA x F lt3 \ - Jw 

= jAJ Fi, 3 [<tA* x W + 8 r aW] | - J d t F lj3 [<jA\W + d r aW] - f ayd t V x {1) F l 

- J F 1>3 [d t aA* x W + 8 2 t aW] . 
case a = l: From (fiH9l) : 



Fi, 3 A A iy 



i 



From fUTTl and (1Q3D : 



+ 
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case a = <tb c : Prom (|6.40l) . 

a Bo F lt3 A* x W 
From (IQOll and (lB7TT> : 



<^\A\W\l 2 < blt: - 



A 2 



< bi\AXW 



A " lL 2 



21) <6f|log6||^| 2 2 

AB c <r<3A_B c r 



< bh\AtW\l 2 < b ~ e 



A 2 ' 



Arguing similarily from (I6,4ip and (|B,ljl yields: 



663 



L 2 



A<r<3AB r 



2,i 



From (16311): 



W pt^Wp 



<f\AlW\l 2 <^S. 



From ([6HJ]) : 



< 



1*1 



r<3AB c 



,3 1 
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^II 2 < — K^ll 2 < 



F h3 8laW 



< 



A 



IF, 



<3AB C 



1,31 



w_ 

2 

A<r<3A_B c r 



2N* 



„ 664 l0g6 , * ,n 

< 1 1 .4* TO7 2 



The last term to bound in (|6.24|) is estimated for the either choice of a = 1 and 
a = <jb c with the help of f|6.28|> . using (|6.40p and the fact that F2 is supported in 
y<2B x : 



aA x F 2 A x F ly 



F h3 Al(aA x F 2 ] 



< -jTj- 1 ^1 ,3 1 L 2 (r < 2ABi ) I A *X { CJ A x d b PB 1 ) \ z,2 (r< 2 XB 1 ) 



< ^l^| L2 <A|6 s |6f^<A(|6 s | 2 + 6f£:). 



step 8 Fi terms involving ^b x - 



We now turn to the control of the leading order term on the RHS of (|6.24|) which 
is given by ^ b x in the decomposition (I6,30p . These estimates will be sensitive to the 
choice of a = 1 or a = ob c with a decisive improvement in the latter case. Indeed, 

°B C ^B 1 = CF Bc ^b 

As a consequence, the slowly decaying leading order flux terms, localized around 
y ~ B\, in the estimates of Proposition 13.31 disappear. 
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case k even, k > 4: We estimate from (I3,56p . fl5.30|> : 



£?^vf <•§>» 

r A z 



< 



W 



2^h 



< t^a^ 



y 



A 2 

i r h k+i k 



To / -o- I*bJ 



l2 ^ 



i + y b 



1 + 



1 + y k + l 



1 y<2Bi + J-Bi<y<2Bi 



n 2\ 2 



(6.45) 



Next, there holds from (13, 56ft : 

/ I 'I'D l! \ 



A 2 



1 



< — / — 



?/<2B 2/ 



A 4 

^2fc+4 



1 + yfc + l 1 ^ 2B 1 + " 1 Bl<3/<2i? 1 



n 2 



< 

A 4 ' 



°"B C 

from which: 



( Oggi 



V a 2 



<1 

~ A 4 



1 

2 

y<2B c 2/ 



1 + 1 ^< 2B 1 



^2fc+8 

~ A 4 ' 



A*bJa 
V A 2 



?,fc+2 L 



CTcWy4 A ( A2 



Finally, we derive from (|6.25|) the crude bound valid for all k > 1: 



which yields: 



1 6. 



A 2 \l + y 



< 



A 3 7j / <2b 1 y(i + y) 



6 fc + 4 ? 



(6.46) 



— lj/<2Bi + b k+2 lB 1 <y<2B 1 



b k+2 \b s \ K h 2k+2 + ^ ] 2 ] 

~ A 3 ~ A 3 



<7B C / A A F 2 A A 



< 



V A 2 



case fc oc?c?, k > 3: We estimate from (I3.58P : 



a 3 7 y <2B c y(i + y) 



^k+Ayk 

1 + y^ 1 



A 2 



< 



,2 y 



i + y b 



i + y 8 



6^ 



< 

~ A 2 



< 



Lk+2 



A 3 



1 + y fc+2 X 2/<2Bi + -^-lB 1 <y<2B 1 



l 

2\ a 
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Next, from (|3.58l) there holds: 

/ Mi' i > I \ \ ' " 



A 2 



< J_ 

~ A 3 



1 

y<2B 1 V 2 



b k+3 



b k+l 

1 + yk+2 X y<Bi + Y^ lB i^ 2B i 



y 



< 



b 2k+4 



from which: 



A, 



I 



V A 2 



<J_ 

~ A 3 



1 

y<2B! y 2 



b k+3 y k 
1 + y k+2 1 V<B 



< 6^+6 



Finally, from (|6.46p : 

A\F 2 A; 



A 2 

(^)a 
A 2 



6 fc+2 



A 3 



V A2 
1 

3/<2B! y(i + y) 

< |Pg| <- _^_r h 2k+2 
A 3 ~ A 3 L 



< N 

~ A 3 



h kA 



1 + yW 1 ^^! + —^ 1 Bi<y<2B 1 



A 2 



+ \b s 



< 



A 3 J y <2B 1 y(i + y) 



1 + y fe + 2 



< - !M < _l[ 6 2fc+4 + | 6 .21 

~ A 3 ~ A 3 



case k = 2: The chain of estimates (|6.45|) is still valid even taking into account 
the term Cbb 4 AQ in (|3.60|) and leads to: 



r - A 2 
Next, we use in a crucial way the cancellation 

A(AQ) = 
to conclude from (|3.60|) that for k = 2: 



z.fc+3 i. 



A x 



A 2 



< 1 

~ A 3 



1 

y<2Si 



l + y 



< 



°B C 



Ay 



A 2 



A 4 



~ A 3 



1 



C(M) 



b k+iyk 
1 + y^+i 



n 2 



l 2/ <2Si 



b 2k+7 

~ A 4 ' 



ly<2B 1 y 

Observe that without the cancellation we would expect to have an additional term 
i+yk+2 ly<2Bi , which would not disappear after application of the cut-off function 
ob c and therefore destroy the extra gain in the localized estimate. Thus: 



dtWAx 



A 2 



< ^! 

~ A 2 
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Finally, using (|6.46p : 



< 



< 1M 

~ A 3 

< |6 5 |b fc + 2 . 6 



*Ja x f 2 a x (^> 



case k = 1: We estimate from 



A 3 



2/(1 + 2/) 



g ( M ) 1 + yk+1 1 ?/< 2g i + ^ +2l Bi<?/<2Bi 



^[^ +2 + l^| 2 ], 



< N /■ i 

~ A 3 

< \b s \b k+3 .. /, 



C(M)f ^ 



(ET621 : 



A 3 



2/(1 + 2/) 

<^ 2fc+4 + N 2 ]- 



W 2 



< 



6^ 



A 



< c 



< c 



2/ 



r z 1 " A 1 cA 3 7 1 + y 4 
° r 2 \°t v x \ +■ A 3 c|log6| 2 ' 



6 2 6 2 y 

-l sl <,< 2 * 1+raITF 



~ 7 v^ 2 A 3 c|log6| 2 

for some small universal constant c > 0. By the Remark 16.81 the first term on the 
RHS above can be absorbed in the energy identity (|6.12p . 
Next, we use again the fundamental cancellation: 

\A( X b AQ)\ < -j1b 0< m 
which implies from (|3.62p and 



V A 2 



-i 2 



< 1 

~ A 4 



( 1 \ b \ +r(M^ y i , 4 (i + |iQg(MI) : , 

/ ~2 _ 1 B 1 <y<2B 1 + C{M)b — j+b 2/ 1 1<? ,<ai 

J y <2B 1 y 2 [y i + ?/ 4 |log&| 2 

_ o 



+ 



-H— 1 

|log% ^<2/< 2fi i 



~ A 4 ' 



A 



V A 2 



< 



< 



A 4 



U, ? r (M)6 rr^ + b iiog 6 | yl i<«<^ + ^g%^<,< 3 ^ 



n 2 



6 6 



|log&| 2 A 4 ' 
from which: 



/ 



'A 



<JlWi*<|j&V£, 
~ |log&|A 2 ' V * lL ~ A 3 |log&| 
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Finally: 



< 



+ 



< 



< 



A X F 2 A X 
1 



A 3 7 1/(1 + y) 
b 2 



A 2 

~6 2 
y 



4 y 



-l Bl <y<2B 1 + C(M)6 4 -^ + 

v 1 + y 4 



; (1 + |log(&3/)|) 
|logb| 



log% ^<2/<2-Bl 



A 3 ~ A 3 



A 2 



1 



A 3 L<2B C i/(i + y) 



C(M)6 



4 y 



i + y 4 



+ 6 4 



:i + |iog(fry)|) 
|log6| 



yi 



1 ^ ^ B Q + 



log% ^<2/< 2 -Bl_ 



N&3 <ir-*L + | 6a n 



|log6|A 3 ~ A 3L |log6| 2 

Note the sharpness of the above estimate. Its most significant contribution is gen- 
erated by the second term in the square brackets above. 

step 9 Conclusion. 



The collection of all previous estimates now yields the claimed bounds (|6.10l) . 
(|6.11l) and concludes the proof of Lemma I6.51 

6.3. Proof of Proposition I5.6I We are now in position to complete the proof of 
Proposition I5.6I The key will be to combine the a priori bound on the blow up 
acceleration given by Lemma I6.3I with the information provided in (|6.10p , (|6.11|) . 
The smallness of the coupling constant (logAf) -1 in Lemma IBT31 linking the behav- 
ior of the blow acceleration b s with the pointwise behavior of the local energy £ a , 
provides the mechanism allowing us to combine the two estimates and obtain the 
desired bounds. Equally crucial to this strategy is independence of the constants in 
KQIl) , (I6TTTH on M noted in the Remark IfTBl 



step 1 Control of the scaling parameter. 



We begin with the proof of (|5.32|) . First observe from (|6.3p and the bootstrap 
estimate (|5.28p that 

""i £ A ra £ is (6 - 47) 

This implies:: 

d fb k+2 \ b k+l ri2 , s , , 

and hence from (15.511: 



b k+2 {t) b k+2 (0) 
and (|5.32|) follows. We derive similarily 

"MoT ~ -WT' (6 ' 48) 

bk+1 (°) < b k+l (t) ,2fc+2/ n N A 2 (t) h 2k+2 (f) (f . dQ) 

|log6(0)|A(0)-|log6(t)|A(t)' b i0) XW)- b (t) (6 ' 49) 
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step 2 Bound on the global energy. 

We now turn to the proof of (|5.34p . 
In this case we use the bootstrap assumptions (|5.28|) . (|5.29p to obtain from (|6.10|) 

m £(o) , r* r-b^ b 2fc+2 (t) ^ b 2fc+2 (o) , fi 

L ^— + ^w + ^w (6 - 50) 

Note that we used the inequalities rj^K < 1 and | logfo| ~ 1 _fsT < 1. We then derive 
from (16T471) : 

,t 6 2fc+3 ft \ t b 2k + 2 b 2k+2 (t) b 2k + 2 (0) [Htb 2 ^ 1 



r b Zk+A r \ t b Zk + 2 _ b Zk+z (t) b 2k+z (o) 

< &2fc+2(t) I (k 1 1) r N&2fc+1 

- ^r +(fc+1) 7 ~^ 2— 

6 2fc + 2 (t) 1 /-*6 2fc + 3 



A 2 



A 2 (t) 2 7 A3 
and hence the bound: 

/•*6 2fc + 3 6 2fc+2 m , . 

I— S2 ^ir < 651 » 

Note that the above inequality holds is derived under the assumptions of the regime 
under consideration. We now insert (|6.51|) into (|6.50p and use (|6.48|) to conclude: 
Vt€[0,T a ), 

< p^£(0) + ^Kb^(t). (6.52) 

Observe now from the initial bound (15.151) and f)6.49|) : 

* 2 (t) A 2 ^) _b^_ < b 2k + 2 {t) 

A 2 (0) 1 ' ~ A 2 (0) |logfo | 2 ~ |log6(t)| 2 
and thus (|6.52p implies: 

£{t) < VKb 2k+2 (t). (6.53) 
This yields (|5.34p for K large enough. 

step 3 Bound on the local energy and b s . 

First observe from the b s bound (|6.4I) and the bootstrap bound (|5.29l) that 

6, 2 < T, TVn 1 + 



|log6| 2 V logM y 

which implies (|5.33|) . We now substitute (|5.33p . (|5.34|) and the improved bound 
(|6.53|) into (|6.1ip and integrate in time to get: 



\ 2 {t) ~ A 2 (0) 7 |log6| 2 A 3 V v / logM 

6 2fc+2 (t) 6 2fc+2 (0) , . 

log 2 6(0)A 2 (t) log 2 6(0)A 2 (0)' V ' ; 
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We now estimate from (|6.47l) : 

rt b 2k+3 _ _ [* \ t b 2k + 2 < b 2k+2 {t) [* \b s \b 2k+1 

J |log6|2A3 ~J \logb\ 2 X^ 2\logb(t)\ 2 X 2 (t) +{ +1) J \logb\ 2 X 2 
b 2k+2 (t) 1 /■* 6 2fc+3 



|lo g 6(i)| 2 A 2 (i) 2 7 |log6| 2 A 3 

and substitute this into (|6.54|) together with (|5.14|) . (|5.27|) to get: 

6 2fc+2 (t) 
|logfe(i)P 

for K = K(M) large enough, and (I5.35P follows, 
step 4 Finite time blow up. 

We now have proved that T\ = T. It remains to prove that T < +oo. From 
(|5.27p . the scaling parameter satisfies the pointwise differential inequality 

- At = b > A^t > v 7 ! (6.55) 

from which: 

Vie[0,T), -2 ^/Mt) + 2^/\(0) >t. 
Positivity of A implies T < +oo. 



This concludes the proof of Proposition 15.6 



7. Sharp description of the singularity formation 

This section is devoted to the proof of Theorem 11.11 We will provide a precise 
description of the dynamics of the parameter b and the scaling parameter A, as 
required in (|l.ll|) - (ll,12p . In particular, we will prove that b — > as t — > T, which 
together with (15.341) . (I5.35P implies dispersion of the excess of energy at the blow up 
time. These estimates are crucial for the proof of the quantization of the blow up 
energy as stated in (|1.13p . The first step of the proof relies on a flux computation 
leading to a sharp differential inequality for the parameter b. The leading contribu- 
tion to the flux is provided by an explicit behavior of the radiative part of the Qb 
profile. To identify it as a leading contribution we exploit the logarithmic gain in 
the local energy bound (|5.35|) . This analysis can be thought of as related to the L 2 
flux calculation in [28] leading to the log— log blow up law for the L 2 critical (NLS). 

7.1. The flux computation and the derivation of the b s law. In this section we 
derive the precise behavior of the parameter b(t) modulo negligible time oscillations. 
This is achieved by refining the analysis of Lemma [6731 and projecting the e equation 
(|4.4p onto the instability direction of the linearized operator Hb associated to Pb ■ 
Define 

G(b) = b\AP Bo \ 2 L2 + j\^,KP Bo )db. (7.1) 

and 

J(s) = (d s e,AP Bo )+b(e+2Ae,AP Bo )+b s (^^,AP Bo )-b s (J^(P Bl - P Bo ) , AP Bo f 

(7.2) 

We claim: 



61 



Proposition 7.1 (Sharp derivation of the b law). For b < b* Q small enough, there 
holds: 

|2 



G(b) 



b|AQ|£ 2 (l + o(l)) for k>2, 
46|log&| + Q(b) for k = 1. 



and 



\T\ < 



b 2 \logb\ for k>2, 
b for k = 1. 

T/ie functions G,Z satisfy the following differential inequalities: 



d 
ds 



{G(b)+l(s)} + c k b 



2k 



h2k 



< 



|log&| 



with 



f c 2 

-# /or odd, fc > 3, 

fc 2 C 2 

— 2^ /or even 
[ 2 for k = 1. 



(7.3) 
(7.4) 

(7.5) 
(7.6) 



Remark 7.2. Observe that (|7.3p . (|7.4|l . (|7.5|) essentially yield a pointwise differen- 
tial equation 

f 6 2fc for fc > 2 



b 2 



2|log6| 



for ft = 1. 



which will allow us to derive the sharp scaling law via the relationship — 4f = b. 
Note also that for k > 2, with a little bit more work, the logarithmic gain in the 
RHS of (|7.5|) may be turned into a polynomial gain in b. 

Proof of Proposition 17.11 

We multiply (14. 4h with AP Bo ~~ the instability direction of H Bo - and compute: 

(b s AP Bl + b(d s P Bl + 2Ad s P Bl ) + d 2 s P Bl ,AP Bo ) = -(* Bl ,AP Bo ) - (H Bi e,AP Bo ) 



(8 2 s e + b{d s e + 2Ad s e) + b s Ae, AP Bo ) - V 



,N(e) 

> y2 



AP f 



We further rewrite this as follows: 

(b s AP Bo + b(d s P Bo + 2Ad s P Bo ) + 8 2 P Bo , AP Bo ) = - (* fll , AP Bo ) - (# Bl e, AP Bo ) 

- (b s A(p Bl - p Bo ) + b(d s (p Bl - p Bo ) + 2Ad s (p Bl - p Bo )) + d 2 (p Bl - p Bo ),ap Bo : 



(d 2 e + b(d s e + 2Ad s e) + b s Ae, AP Bo ) - k 2 (^-,AP Bo 



ir 



(7.7) 



We now estimate all terms in the above identity, 
step 1 Transformation of the LHS of ([7771) . 



We claim that the LHS of (|7.7I) may be rewritten as follows: 

(b s AP Bo + b(d s P Bo + 2Ad s P Bo ) + d 2 P Bo ,AP Bo ) 



d_ 

ds 



G(b) + b s (^,AP Bo ] 



_l If, \2\ ®Pbq ,2 



with G given by (|7.1|) and the bound: 

II. \2\ dP Bo 



2 < 
db lL2 ~ 



u2k 



|logfep 



(7.8) 



(7.9) 
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Proof of ((LSI) Let 
then: 

dtt<f> = ^ i d s P B + b(d s P Bo + 2Ad s P Bo ) + b 2 DAP Bo + b s AP Bo ] x . 
Using the cancellation 

( J DAP Bo ,AP Bo )=0, 

this yields: 

(b s AP Bl + b(8 s P Bl + 2Ad s P Bl ) + 8 2 s P Bl , AP Bo ) = \ 2 (d tt 0(\y),A0(\y)) = (d U (f>, A0) 

(7.10) 



(i P^, A0)] - (dtfrAdttf = ^ [($0,A0)] + / 



We now compute each term separately: 

|P0,A0)] = i^[A(a a PB + 6APBb,APfl ; 

d_ 

ds 



b\AP Bo \l 2 +b s (^,AP L! j 



On the other hand, 



(o^) 2 = J (d s p Bo +bAP Bo ) 



<9P Bo 



b\AP Bo \ 2 L2 +b s (^,AP Bo 



h + 2b s b{ 



OP Bo 



db ' ~" s "" db 
Substituting these two computations into (I7.10|) yields: 
(b s AP Bl + b(d s P Bl + 2Ad s P Bl ) + 8 2 P Bl , AP Bo ) 



AP Bo )+b 2 \AP Bo \ 2 L2 . 



d 
ds 
d 
ds 



b\AP Bo \ 2 L2 +b s (^,AP Bo ) 



db 

Pn 

G(b)+b s (^,AP Bo ) 



+ b s b( 



9Pbq 
db 



,AP Bo ) + \b^ dPB ^ 2 



Ob 



L 2 



+ \b s 



.BP, 



B ,2 



Ob 



lL 2 > 



which gives (|7.8p . To prove (|7.9p . we first estimate from (|6.25j) : 



<1 

~ 6 2 ' 



and hence (17.91) follows from (15.331). 



step 2 The flux computation. 

We now turn to the first key step in the derivation of the sharp b law. It is the 
following outgoing flux computation: 

(V Bl ,AP Bo ) = d P b 2k (i + ofn^n)) as b ~> °- ( 7 - n ) 



The error in this identity is determined by the (non-sharp) choice of B\ in (|1.22l) . 
The universal constant 

t k 2 c'i 



d„ 



for k even 

f fork odd, fc>3 
2 for k = 1 



Proof of (|7.11|) : Let us define the expression, which in what follows we will refer 
to as the radiation term, 



Cb = Pb 1 ~ Pb = (xb 1 - XB )(Qb - a) 



(7.12) 



63 



with a = it for the (WM) problem and a = — 1 for the (YM). It satisfies: 

Supp(( b ) C {B < y < 2B X }, 

and the equation: 

-A Cb + b 2 DA( b + fe 2 /(^+C>)-/(^Bo) = 9 ^ _ 9 



if 



which we rewrite: 



- A( b + b 2 DA( b + k 2 ^ = * Bl - * Bo - M(Cb) 



with 



M(Cb) = A; 



2/(^0 + Cb) ~ f{P Bo ) ~ f(PB Kb + (/'(Pb ) " l)Cft 



(7.13) 



(7.14) 



(7.15) 



We now manipulate the identity 

(* Bl ,AP Bo ) = (V Bl ,AP Bl ) - (tfflj.ACt) = -(*b 15 AC6). 
In the last step we used the Pohozaev identity (|3.46|) : 



(* Bl) AP Bl ) = (~AP Bl + b 2 DAP Bl + t 



j(p Bl : 

y 2 



,AP Bl ) = 0, 



which holds for AP Bl of compact support and g(P Bl (y)) with the boundary value 
lim y ^ +00 g(P Bl (y)) = 0. We now integrate by parts, use the formula (|3.66p and the 



localization property (|7.13p to conclude: 

«2Bi 



<Mb,* Br) 



A( b ^ Bl ydy 



Bi 



B 



HbXB 1 *bydy 



A( b {^ Bl - * Bo )ydy 



Bi 
2Bi 

Bi 
2Bi 



KbXB^bydy 



B 



Ag,[Ao, ■ 6 2 ^AC b - k 2 ^]ydy 



y 



A( b M(( b )ydy 



Bi 



Bi 



MbXB^bydy. 



(7.16) 



Bo 



In the last step we also used (|7.14p . The first term on the RHS above produces 
the leading order flux term from the Pohozaev integration (|3.46|) and the boundary 
conditions Cfc(2Bi) = C&(2#i) = 0: 



2Bi 



Bi 



A( b [A( b - b 2 DA( b -k 2 ^}ydy 



^(6V-i)|AC,| 2 + fc fe 2 



Now from (|7.12p and the estimates on Q b from Proposition 13.11 with the choice 

Bl = M » 1 there holdg . V y G [^L.Sj], 



= (Qb - o)(y) 



' T^^ + O^)) fork odd, k>3, 
^(l + O^)) fork even, (7.17) 
Sa + OClw)) for A; = l 
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from which 



2-Bi 
Bi 



A( b [A( b - b 2 DA( b - k 2 ^]ydy = { 

yZ 



V(! + 0(^t)) fork odd, 
fc2 f^(l + ( i )) fork even, 



k ^(l + 0(^,)) for fc = l. 



(7.18) 

It remains to estimate the error terms in (|7.16|) . For this, first observe the crude 
bound: 



b for k even 



and from (17. 15ft : 



V//e [Di, 217,]. |u(//)| + |Au(y)| 

I * |2 , ICfei 

C& + — r 



for k odd 



Vye[£? ,2Bi], |M(C 6 )|<^ 



(7.19) 



(7.20) 



case fc > 3 odd: From f|3 . 14|) : 



|ACbXs x *6|ydy 



Bo 



Bi 

Bo y y 2 



-ydy < b 2k+3 . 



Next, (17191) and (17^201) imply 

|AC fe M(C 6 )|y%< 



Bi 



2B 1 b k-l ! 6 2fc-2 

Bi y y y y + 



case fe > 4 ewen: From (pTCl) . ([7TT9]) : 

rBi 



Bo 



Bi tfc+4 

Bo y 



From (171511 and (173(1 : 

»2Bi 



Bi 



2Bi ^ 

Bi y 2 



|Am,.VSm,)I.^// < / ^(b 2k + ^)ydy<b 3k 



case k = 2: From (JHZJ, (17191) 



Bi 



Bq 



lACbXBi^tlydy 



Bi 



Bo 



C(M) 



y 2 y 2 



ydy < fc 2fc+1 . 



From (17l9ll and (17301) : 

/■2Bi 

/ \A( b M(( b )\ydy< 

JB l 



2Bi ifc h k 

b -(b 2k + b -)ydy<b 3k . 



Bj ir 



case fe = 1: We recall that according to (|3.51|) . \^ b \ < jj- for y > Bq. Therefore 



Bi 
B 



\HbXB^b\ydy < [ 1 --ydy < 6 4 |log6| < 6 3 . 

7b y y 

Next, (|7TT9D and (|730l) imply 

2Bi /■2Bi ill 1 

\A( b M(( b )\ydy < / --(- + -)ydy < b\ 

h Jb! vv y v 



This concludes the proof of (17.111) . 
step 3 Second line of ([7T71) . 
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We first observe 

b s A(P Bl - P Bo ) + b(d s (P Bl -Pb ) + 2A8 s (P Bl -Pbo)) + d 2 s {P Bl - P Bo ) 
= b s A( b + b(d s C b + 2A8 s ( b ) + d% 

We further rewrite 

{b s AC b + b(d s ( b + 2Ad s ( b ) + 8%, AP Bo ) = -^(d s C b , AP Bo ) + (b s A( b + b(d s ( b + 2Ad s ( b ), AP Bo ) 

- (d s a, Ad s p Bo ) = ^ [b s (d b ( b , ap Bo )] + b s (A( b + b(d b ( b + 2Ad b (b),AP Bo ) - b 2 s (d b Cb, W Bo ) 

We use crude bounds similar to (|7.19|) . Vy G [Sq, 2Bo], 

|a(y)| + \Hb(y)\ + 6|^Cft(i/)l + b\Ad b ( b (y)\ < b\ 

\AP Bo \ + \Ad b P Bo \<b k 
As a consequence, 

iJc+l L3fc-2 

IMI(*C,AP a ,)|<^-<^ 

and 

z.fe+1 u3k-l 

\b s \ \(A( b + b(d b ( b + 2A^C6), AP fl0 )| < m-t, ft 2 * -2 < 7^, (7.21) 

L2fc+2 /i 4fc ~ 2 

^IfttAVJIS^p^i^ (7.22) 
step 4 The main linear term. 

AP Bo is only approximate element of the kernel of H B . The corresponding 
linear term (e, H B (AP Bo )) on the RHS of (|7.7p is therefore potentially a highly 
problematic term. The control of this term requires the improved local estimate 
(Q5D . We claim: 

\(H Bl e,AP Bo )\<—— (7.23) 
|log&| 

Proof of (17. 23ft : Let us first compute H Bi (AP Bo ). Observe first from space localiza- 
tion that 

H* Bl (AP Bo ) = H* Bo (AP Bo )+S, S := k 2 f ' {PB ^~/ {PBo) AP Bo 

with S supported only on the set y £ [Bq, 2Bq], 
Rescaling (I3.53p . we find that (P Bo )\ satisfies: 

A(P ) ^ BMP \ /(( P ^o)a) _ (^Bq)a 
&{P Bo )\ - j^VA{P Bo ) x — 2 ^— . 

Differentiating this relation with respect to A and evaluating the result at A = 1 
yields: 

H Bo AP Bo + 2b 2 DAP Bo = 2* bo + A^Bo 
or equivalently from (|6.5p : 

H Bo AP Bo = 2V Bo +AV Bo . 
We thus rewrite the main linear term in (|7.7p : 

(H Bl e,AP Bo ) = (e,H* Bi AP Bo ) = (e,2V Bo + A* Bo +S). 
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Let us now define 



(2tf Bo +Atfs +«S,AQ) 



(AQ, XM AQ) 
we claim that we can find T, b solution to: 

£ 6 = 2* Bo + A^ Bo + S- e bX NiAQ 

with the property that 

where Supp{Y,\, AT? b ) C {y < 2^0} and 

' AS k(y)l ~ |log6[ ly - 2i?0 + bgM ly - 2M + bfc+llB (»<^< 2B o- 



(7.24) 
(7.25) 



(7.26) 
(7.27) 



Assume ([7T26]) , ([7T27]) . We then use the orthogonality condition ([5~T2]) and (EH) , 



(|B.5j) to estimate: 
case k > 2: 

|(e,2# Bo +y W Bo ) 



(e, 2*b + y • W Bo - e bXM AQ)\ = (A*Ae, S b 



< b k 



y<2B 



-b k+1 



(A*Ae)' 
(As) 2 



y<2B V 



y<2B 
1 1 

- — 27jlj / <2B + 1 — 2T7^-v< 2M + 1 ^o<y<2B 
log b\ log M 



y<2B Q 



< b 



k-l 



A*Ae\ 2 ) +b 



y<2B 



,k-l 



From ([6~29]l : 

/ |A*Ae| 2 = / |d y (Ae) + 

Jy<2Bn Jv<2Bn 



'y<2B Q 

< 

ly<2B 

< \ 2 £ n 



\A4 

y<2B V 2 



(7 



and thus from (|5.35|) for k > 2: 
Inserting this into (j7.28|) yields: 



/ + / |A*A,| 2 < X 2 £ a < 

Jy<2Ba V J y<2B 



lp.k+2 

|log&| 2 



(7.29) 



(7.30) 



/e _l / V h 



\(e,2* Bo+ y.V* Bo )\<b^^) < w 



2 k 



which gives ([7331) . 

case fc = 1: We first obtain the bound 



|( £ ,2* Bo+ yV* Bo )|<6 fc -M-^ -\ < 



|log6| s 



V^log^ 



(7.31) 
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Using (f7726l) . (f7727l) . the orthogonality condition flO!]) and {Bl}, §Bl\i we obtain: 
\(e,2^ Bo +yV^B )\ = \(e,2^ Bo +yV^ Bo -e b XM^Q)\ = (A*Ae,E b ) 



<b k [ (A* As) 2 ( 1 

ly<2B J \Jy<2B 



l .1 



<b k - l (( |^Me| 2 V +b k - 1 ^\hgb\( [ \Ae\ 2 +[ \VAs\ 2 Y . (7.32) 

\Jy<2B J \Jy<l J V<2B J 



!y<2B J \Jy<l Jy<2B 

Since by (17391) and ([Q5jl : 

^2fc+2 

|log6| 2 



/ |Ae | 2 + / |V^| 2 + / \A*Ae\ 2 < X 2 £ a < 

Jy<l Jy<2Ba J y<2B 



(7.33) 



we obtain 



|(e,2* Bo +y. W Bo )l < ^vl^l 
To obtain the stronger estimate 



^2fc+2 ^ \ tfk 



log6|V ~ 



6 2fc 

|( £ ,2* Bo +yV* Bo )|<^, (7.34) 

we claim that we can redefine the decomposition T b = + S 2 so that (|7.26p . (|7.27p 
are replaced by the estimates 

1^1 <b, (7.35) 

l ^ (y)l -^ 1 ^ + io|vf 1 ^- (? - 36) 

The absence of the term b k+1 lB < y <2B m (|7.36p eliminates the additional logarith- 
mic divergence in (|7.32p and leads to the desired bound. We omit the straightfor- 
ward details. 

Remark 7.3. The gain in (|7.34j) with respect to the simpler bound (I7.3ip will allow 
us to obtain the 0( J^. b , ) estimate on the remaining terms in the RHS of (17. 5p . This 
in turn will lead to the 0(1) term in the derivation of the blow up speed (11.12(1 after 
reintegration of the modulation equations, see in particular (|7.65l) . 

Proof of ^LM , CLZZJ) : Let 

g b = 2m B + A^B + 5 - e bXM AQ, 

so that 

(g b ,AQ) = (7.37) 
from J723). Then, as in (|A.16I) . a solution to ([7T231) is given by 

ry ry 
T b (y) = T(y)J AQg b udu - AQ(y) J g b Tudu = E b + E b . 

The compact support of ^b and hence of g b in y < 2Bq and (I7.37P ensure 
Suppi^l) C {y < 2B }. On the other hand, using that A(AQ) = 0, 

AT, 2 = AQg b Ty (7.38) 
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and the property Supp(AE 2 ) C {y < 2Bq}. follows. We now turn to the proof of 

the L°° estimates (173B1) . ([?37jl . 

In what follows we will use the bound 



I pi < i2fc+2-, 

l«->l ^ b i-B <y<2B , 

which easily follows from 

f(P Bi )-f'(P Bo ) _ , . 1 



(7.39) 



APboI < -^l-Pfl! -Pb ||AP £ 



case /c > 3: We use the bound from (|3.56j) . (|3.58j) : 

|*B | + |A*B | £ &fc+3l S/<2B + b k+2 l Bo <y<2B Q , 

which yields: 

uk+2 k 

TT^ydy s bk+2 > 

1 + y 



I4(y)l < 



u 



l + u 2k 



udu < b k . 



On the other hand, taking into account that |AQr| < 1, 

\AY? b {y)\ = \KQTg b y\ < b k+2 l y < 2Bo + b k+1 l Bo < y < 2Bo 
case k = 2: We estimate from f|3.60|) : 



4„,2 



^B Q | + |A^B I ^ TTTA 1 V<Bo + bill B <y<2B , 



and hence: 



< 



y 



i + y 4 

a r fe 4 y 2 



1 + y 2k 
l + y 



i + y 4 



+ & ls <y<2B ) 



4 F 2Bo u 2 



l + u 4 



4„,2 



6 U 



1 + U A 



+ & 1_B <«<2B 



udu S, b 2 . 



\A*%(y)\ i$ \9bV\ i$ b %<2Bo + f ,3 lBo<S/<2B 

case k = 1: We estimate from f|3 .62|) : 



6 2 1/ . 6 2 



|*B | + |A*Bol ^ | 1()g& | 1 + y2 ly<2B„ + -li?o<?/<2Bo> 



and hence: 
lo 



«Af|e 6 | < / t 

Jv<2Bn 1 

si(y)l < 



<,<2B 1 + V 

l + y 2 riBo 



b 2 y b 2 . 



|log6|(l + ^) +-^o< y < 2 ^„, 



ydy <b , 



1 + u 2 



& 2 u & 2 & 2 
|logo|(l+u 2 ) u logM(l + u) 



udu < 6. 



6 2 fr 2 

\AT%(y)\ < 1562/1 £ jj^T \<2B + l^h^M + b 2 l Bo <y<2B 

This concludes the proof of (17361) . (17371) . 



Proo/ o/ (I735D . (06]) : As before let 

g b = 2* Bo + A* Bo + S - e bX M^Q, 
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so that 

/do ry 
AQg b udu - AQ(y) J g b Tudu 

We now recall that according to (|3.66|) 

k 2 

*B = XBo^b + -j if( P B ) ~ XB f(Qb)} ~ (Qb ~ vr)A X ij - 2 X ' Bo Q' b 
+ b 2 {(Q b - tt)DA XBo + 2y 2 X ' Bo Q'b} 

Set 

2 4 26 2 

*Bo = -^XBo - ^x'b ~ — {DAxbo - 2y X ' BQ } , 

*B = XBo^ + ^2 {/( P «o) " XB f(Qb)} ~ {Qb ~ VT + -)A X B 



- 2x Bo (Q b + \)' + b 2 {(Q b -K + ^)DA XBo + 2y 2 x' Bo (Q 



b ) 

y 



and define 



Ej(y) = -r(y) / AQ^udu - ^AQ(y) ^(« 2 ^ )ud«, 



o 



S 6 2 (y) = -AQ(y) £ d u {uH Bo )Ydu - AQ(y) J" (g b - 2* Bo - A^J Tudu 
-AQ(y)^d u (u 2 * Bo )(T-j)d U 

Therefore, 

AZ 2 (y) = -(g b - 2^ Bo - AH> Bo )AQTy = (2*| + A*| + S - e b XM^Q)AQTy 
- dy (y 2 ^ Bo )(T-^)AQ 

and thus we need to show that 



i|^(y 2 ^ )(r-|)|+y|2^ +AvI/| o +5-e^AQ| < ^l y < 2BQ + J—l y < 2M 

From (I3,20p we have that on the support of xb 

b 2 y 



+ |A* 6 | < 



|logfc| 1 + y 2 
Furthermore, (I7.39P gives 

l<->l ~ b i-B <y<2B , 

and 

\dbXM^Q\ < m 777 -1 f 2 ly<2M- 

|logM I 1 + y z 
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Using that f(ir) = 0, /'(vr) = 1, we also obtain 



\^(f(P Bo )-XBj(Q b ))+A 



^(f(P Bo )-XB f(Q b )) 



l -dy[f{PB )-XB Q f{Q b )] 



+ -d„ 

y ' 
l 



-d y [P Bo - vr - XB ((Qb ~ vr)] 
1 r * * 



y 



[ r [ (f"(rr'P Bo )(P Bo - vr) 2 - XB f"{rr'Q b )(Q b - vr) 2 ) 
Jo Jo 

f r ^ {f"(rr'P Bo )(P Bo - vr) 2 - XB f"(rr'Q b )(Q b - vr) 2 ) 
Jo Jo 



y 4 



Since f(P Bo ) — XB f(Qb) vanishes outside the interval Bq < y < 2Bq, the above 
bound can be replaced by b 4 l Bo < y <2 Bo - The estimate for the remaining part of ^\ 
follows from the bounds 

1 



d" 1 , n 2.. ^(T 1 ,, 2,, , 2| d m m . . 1 

(Q 6 - vr + -)| < I — (Q - rr + -)| + & 2 |-— Ti| < + 



2/ 

■•ii<-£- 

do I ~ „,l+m ' 



y3+m |log6|y 



1+m ' 



|r- *| <i 

i 4 i ~ 



which hold for Bq < y < 2Bq (in particular on the support of x' Bo ) an d follow from 
Wim . (TOD and (1X141) . 

These estimates imply the desired bound (j7.36|) . 

To prove (17.35P it suffices to show that AQ(y) J Q y d u (u 2 ^f Bo )Tdu is supported in 
y < 2i?o and establish the bound 



|AQ(y) / a u (n 2 ^ )rdn| <6 
J o 

We argue that a careful choice of Bq ensures that 



d u (u 2 * Bo )udu = 0. 



(7.40) 



Assuming this we immediately conclude the statement about the support, since ^ B 
is supported in Bq < y < 2Bq. Furthermore, from (|3.67p and (|3.68p for y > 2Bq 



\AQ(y) d u {uH Bo )Tdu\ < — ^ [ 
Jo 1 + y Jo 

To show (|7.40|) we rewrite 



b lB <u<2B du < b. 



f 

Jo 



d u {u 2 V Bo )udu 



y 2 * l Bo = 2y(l - b 2 y 2 ) X ' B() - 2 X ' Bo 

l-OO l-OO 

■■-] u 2 * Bo du = -J^ (2y(l - b 2 y 2 ) X ' Bo - 2 X ' B{) j dy 

POO 

-2 + 2 (1 - 3b 2 y 2 )x' Bo dy 
Jo 

fOO 

yxdy 



-4 + 126" 



Therefore, the choice 



B 2 



yxB dy = - 
l 

3&2 /o°° y*dy 



-4 + \2b 2 Bl 



gives the desired property. 
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step 4 Lower order linear terms in e. 



We are left with estimating the third line on the RHS of (|7.7p . We first claim 

ds 



(d 2 s e + b(d s s + 2Ad s e) + b s Ae, AP Bo ) - — [(d s e, AP Bo ) + b(e + 2Ae, AP Bo )\ 



b 2k 

< — — . (7 41) 

~ |logb| [ ' 

Indeed, we integrate by parts to obtain: 

(8 2 s e + b{d s e + 2Ad s e) + b s Ae, AP Bo ) = [(d s s, AP Bo ) + b(e + 2Ae, AP Bo )] 



(d s e + bAe, A^) + (e, AP Bo + bA^) + 6(A £ , A^) + (As, AP Bo ] 



b s 

£ [(d s e, AP Bq ) + b(e + 2Ae, AP Bo )] - 6 S 



(5 s£ + 6A £ ,A^) + (e,* 6 ) 



(7.42) 



with 



= -AP Bo - A 2 P Bo - 6A^ - 6A 2 ^. (7.43) 
We now estimate the RHS of ([7742]) . To wit, let 

rfe= (AQ,XMAQ)' (? - 44) 
we claim that we can find $ = $i + <J>2 such that 

ill. = $ 6 - r bXM AQ, Supp^x) U Supp^ch) C [0, 2B ], 

and 

, ~ , ^ f 1 for > 2 

I :ly<2B for /c > 2 



|A$ 2 (y)|<^ 1+ f* w - (7.46) 
1 T+F [ 1 ^< 2B o + |log6|l 2/ <2M] for fc = 1, 

Let us assume f|7.45p . (|7.46p and conclude the proof of (|7.41|) . 
case k > 2: First recall from (|5.33p the bound: 

£ bk+l - 

Moreover, (13371) . (1339]) imply: 

\A l d b P Bo \<C(M)bl y < 2Bo , 0<l<2. (7.47) 
We conclude from SKM . (ET331) . (IQ4D : 

9P Bo 



(d s e + bAe, A- 



<C(M)b k+1 \\d t w\ L ~ / b 

Jy<2B 



db 

< C(M)Xb k (\A* X W\ 2 L2 + \d t W\ 2 L2 y* < C(M)b 2k+1 . (7.48) 
Next, from (|7.45|) . (|7.46|) and the choice of the orthogonality condition (|5.12|) : 



\b a \\{e,$ h )\ = \b s \\(A*Ae,$ b )\<b k+1 -\A*Ae\ L2 + b k+1 \ — \ L J 7—^ 

o y \Jy<2B 1 + y j 



< h 2k + 2 - < h 2k+1 
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where we used fl2TT6|> . (103]) . 
case fe = 1: By ([3~6Tjl 

|A z 5 6 P Bo | <l y <2B , 0<l<2. 
Thus, using (HI9]), p3| . ([531 , (E25|): 



(d s e + bAe,A^) 



<J!_ 
~ |log6| 



J 2/ <2B 



< 



" 12 , \atxr\2 \2< 



{\A\W\l, + \d t W\\, 



\\ogb\ ~ |log&| 

Next from (I7.45|) and the choice of the orthogonality condition (15,12p : 

\b s \\{e^ b )\ = \b s \\{A*AeM)\ 
\\ogb\ 



< 

~ |log6| 



b 2 



Ae ( f y & 

\A* Ae\ L 2 {y <2B ) + \ — \^(y<2B ) [J 1 + yi [*-y<2B + log 2 61j / < 2A f] 



We then observe from (17.33P and (|D,5j) : 

ly b (2/ < 2 B ) < Wl|j^f 

and hence from the refined bound f|7.33|) : 

b 2 r|logb| 6 2 



<6 2 



(7.49) 



+ & — 
6 2 |Iog6| 6 2 



<J 2 _ 
~ |Iog6| ^ 



= |log6| 

This concludes the proof of (|7.41|) . 
Proof of HZ35D , (TT^BH : We let 



= r(y) / AQ($6 - nXMAQ)udu - AQ{y) / r($ 6 - r bX MAQ)udu 
Jo Jo 

= $i + $2- (7.50) 

The support of $6 belongs to the set y < 2Bq. Therefore Supp(Q\) C [0, 2Bq\ by 
the choice of r b in (|7.44p and Supp(A$2) C [0, 2Pq] which follows from the identity 



A$ 2 = AQT($ b - r bXM AQ)y. 



case k > 2: We derive from (TT431 . (13391 . (13371) the bound: 
and hence r&, given by (|7.44p . satisfies: 

\n\ < l. 

We then estimate: 

l*i(y)l ^ s — / ; , 2fc 7- — artxdu < fc _ < 1 

y K 1 + u ZK 1 + ii z,c 1 + y K z 

and (|7.45j) follows. Similarity, 

l^*2(y)| < 2/|*6 " r fe XMAQ| < ^ 2k ly<2B 
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and (ELMD follows. 

case k = 1: We estimate from (17743]) . (13761]) : 
from which r&, given by (|7.44|) . satisfies: 

\n\ < |logfe| 

and 

,~ /NI /l + y 2 /" 2B ° u u p . . , . Ilogftl 

l*i(v)l < ^ t^tt^ [i + Ml W] S 

and (f7745l) follows. Next, 

y 2 y 2 
\A$2{y)\ < y\$b - nxM^Q\ < — — nh<2B + log6|— — - \<2M 

i + y i + y 

and (g3SD follows. 

This concludes the proof of (T774"5D (T774"6l . 
step 5 Control of the nonlinear term. 
case k>2: There holds from (lR9l) . (lOTO . (lQ4l : 



,iV(e 



2-,apb ; 



~ / k|2 ^(TT^) ~ / l f ~ ~ ^ (7 - 51) 



case fe = 1: From (16.35 



(^,AP Bo ) < ([ ^Y\AP Bo \ L2 <\logb\bh\AiW\ L2 

y \Jy<2B y j 

<& 2+ i (7.52) 
step 5 Control of G{b) and Z. 

Using estimates JL8|), (|77TT1) . (T77211 . (177221 . (17331) . (T77411 . (T775T1) . (17321 in con- 
junction with the the algebraic formula (17. 7ft concludes the proof of (|7.5j) . It remains 
to prove ifOj) . (17741) . 

Proo/ o/ ([775]) : Recall the formula ([71]) for G{b). We compute 

A^P-Bo = XB ( AQb + J^XB a {Qb -a) = XB ^Q + XB HQb ~Q)+ &XB (Qb - a) 
It then follows from Proposition 13.11 that for any k > 1 

|AP Bo - XBo AQ| < C7(M)6 2 i+ ^ 2fc _ 2 l,< 2i?0 

As a consequence, 

2 _ f |AQ| 2 2 +0(6 2 ) = |AQ|| 2 (l + o(l)) for fc > 2, 
|A^ | L2 - | | XBoAQ |2 2 + = 4 | logfc | + 0(1)) for k = i U-Mj 

Similarly, using (16.251) : 

l( ^r' APBo)l -X< 2 B TT^-\ i for * = 1, 

from which: 

'"' ;,r ' r 6 2 |log6| for fc > 2, 

6 for = 1, 
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which together with (17,1(1 . (|7.53j) concludes the proof of (|7.3j) . 
Proof of (|7.4|l : We integrate by parts in space in (|7.2|l to rewrite: 

J(a) = (5 s e+6Ae,AP i?0 )+6 s (^,AP i?0 )-6( e ,AP Bo +A 2 P i?0 )-6 s (^(^ - ^So), AP Bo )) • 



The last term above has been estimated in step 3. We let 

_ = (AP Bq +A 2 P Bo ,AQ) 
n ( XM AQ,AQ) 
and claim that we can solve: 

LQ b = AP Bo + A 2 P Bo - hXhiAQ 
with 9 b = @x + e 2 , 5uj3p(0i) U Supp(AQ 2 ) C [0, 2P ] and 

1 for fc > 2 



(7.54) 
(7.55) 



|0l|i°° i$ 



|logfe 



for k = 1, 



|A8 2 (y)|<i f ° r "" 2 

[ [1»<2B + |log&H i ,<2M] for fc = 1, 



(7.56) 



(7.57) 



The proof of (173^1 . ([7371) is completely similar to the one of (OS]) . ([?T4"6"j) and left 
to the reader. 

case fc > 2: From (iBTLOl) . (liQ4ll : 

|(0,e + &A £ ,APb )| < A|9 t «;| L ^|AP Bo | L i < |log6|6 fe+1 < b 2 . 
Next, from (15T33]) : 



M^,ap Bo 



<6 fc+1 |AP Bo | L1 <6 2 . 
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Finally, from (|5.34p . (|7.56p and the choice of the orthogonality condition (|5 . 12|> : 

b\(e,AP Bo + A 2 P Bo ) = b\(A*Ae,@ b )\ 



y 2 y 2k+2\ a 



< 6|A*Ae| L2 i + 6| — \ L2 

b V \Jy<2B 1 + V 

< b\A*Ae\ L 4 + b\ — \ L 4<b k ^<b 2 . 

b y b 



<lk 



case k = l: From (lBT9j> . (IQ4D : 



6 2 



|(0 s e + bA<-,AP iJo )| < A|^U<»|APboIli < y < &• 



Next, from (jOSl : 



^(^,ap Bo ; 



<^|AP B J, 1 < 



|log&| 



logfc| 



Finally, from (I7.56P and the choice of orthogonality condition (15,12p : 
b\(e,AP Bo +A 2 P Bo ) = b\(A*Ae,e b )\ 



< 



b\A*Ae\ L2(y ^J^ + b 



(Aef 

y<2B V 2 



y 2 y i 



y<2B 1 + y 4 



(1 + |log6| 2 lj / <2M' 



< \ A* Ac\ |log^| & 2 jlogbj ^ 
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where we used (IB.5j) . the improved localized bound (17.331) and (I7.49p . 
This concludes the proof of (|7.4P . 



This concludes the proof of Proposition 17.11 

7.2. Proof of Theorem 11.11 We are now in position to conclude the proof of 
Theorem 11.11 

First recall that finite time blow up is a consequence of Proposition 15.61 This 
coupled with the standard scaling lower bound: 

A(i) <T — t 

implies that the rescaled time s is global: 

ds 1 1 

— = — > — and hence sit) — ► +oo as t —> T. 

dt A ~ T-t w 

step 1 Derivation of the scaling law. 

We begin with with the proof of (jl.lip . (|1.12|) . which are consequences of (|7.5p . 
Proof of (fTTTT]) : Fork>2 let G,2,c k be given by (|71]1 . (1731) . (17^1) and 

.7 = G + J. 

From (T7T3D, ([7^1 . (1731) we have that: 

J{b) = b\KQ\\ 2 +o(b) and J s + c k b 2k = o(b 2k ). (7.58) 

In particular, this yields: 



q \2k 



Dividing by J 2k , which is strictly positive by (|7.58p . (|5.32|) . and integrating in s 
yields: 

+ , . S + O(S). 



{2k-l)J 2k -\s) (2k-l)J 2k - 1 (s ) |AQ|« 
Together with (I7.58p . this provides the asymptotics: 



i 



We now integrate the law for the scaling parameter — = b to obtain: 

2k - 1 / \AQ\ 2 2 \ ^ 2fc- 2 
-logA( S ) = ^ (^ffe) + - — K- 

In particular, taking into account (|7.59p : 



i 



— (l + o(l)) with 4 



As a result A satisfies the following differential equation: 

-\ t = b = ^L_(i + (i)) w ith A(t)->0 as t->T. (7.60) 

|10gA| 2fc-2 
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Integrating this in time yields: 

m= dfc(r ~ t) 1 (i+o(D). 

|log(T- t)|3E=3 

This gives (fTTTTH . 

Proo/ 0/ 051) : Let Jfc = 1, then ([731), CZ3|), (USD imply: 

J W = W| + O ib ) and J, + 8| , og( ^, ogJ|)|2 = 0(^). (7.61) 

Let 

4/3 = - ^_log|lo gl 7| , log/3 = logj - log|log.7| + 0{l) 

I log J I I log J \ z 

so that 

4/3 = Wl + Oft) 45|logfr|+0(fr) (wiiogw + (l2i!M)) 

^ |log6 + log|log6| +0(1)| (log6 + log|log6|+0(l)) 21 61 S 1 ^ 1 |logb| J; 

= 46 + (7 ' 62) 
We compute 



iiog^r ibgji ' ^ s viiog^i 2 

16/? 2 _ J 2 2 l 7 2 log|log l 7| +0( _ J 2 



|log/3| |lo gl 7| 2 |log(J/|lo gl 7|)| |lo gl 7| 3 |log(J/|lo gl 7|)| >gj| 4 ' 
and therefore 



|log/3| 2 8|lo gl 7||lo g (J/|lo gl 7|)| 2V llogJl ; 8|log l 7| 2 |log( l 7/|log l 7|)| 
J 2 log|lo gl 7| +0( _ /3 2 , 



4|log l 7|3|log( l 7/|log l 7|)| v log/3 2 y 

J 2 log|logJ| 
8|lo gl 7|3 l |log.7| ' 

+ 8|lo gl 7P |log.7| >±U[ log(] 2) U{ logP 2> 

To solve the problem 

P 2 „, P 2 



03 2|log/3| + ° ( |log/3|2 ) 



we multiply by so that 



&log/3 1 + G 1 



/? 2 2 >g/3|' 
Now 

/ log" + ly = _log_U 

u u u 2 

and thus 

log/3 + 1 i + Q { [ s dr 



(3 "2 \Jo |log/?l7' 
To leading order, this leads to: 

/? = — + o(l)), log/? = loglogs - logs + O(l) 



77 



from which 



log " ,f i + o(±\), ^^M+o,^,, (7 . 63) 



j3 2 \ \1°S S ) ) s \ 

Therefore, 

^ = 2k ] g £ _ 2 loglog £+0 

s s \s , 

Using (|7.62p we also conclude that 

21ogs loglogs 



+ O - . (7.64) 
s s \s J 

We now integrate the law for A: 

_Xs _ b _ 21ogs _ ^ loglogs fl 

A S 8 \s 

resulting in 

-log(A) = (logs) 2 -2(logs)loglogs+0(logs) = (logs) 2 (l - 2 logl ° gS + O ' ' 



logs \ logs 

which implies: 

V-logA = logs (\ - lo ^ S + O (r^j ) = lo § s " l °Slogs + O(l). (7.65) 
and thus 



logs 



We now observe from (|7.64[) : 

V^E^ = b { + 0(1) = -y^ + O(l) (7.67) 

and thus 

-- =L=« = 2 + o(l). 
V-logA 

Taking into account (I7.66P gives the differential equation for A: 

_ Ate vTtogAi+0(l) = 2 + (i) and equivalents - \ te V^\ = . (7.68) 

Integrating this in time gives: 

X(t) = (T — t) e -VU»8(T-*)|+0(l) < (? g 9) 

It remains to prove the strong convergence of the excess of energy (|1.13p which 
easily implies the quantization of the focused energy (|1.14p . 

step 2 Sharp derivation of the b law. 

Let us start with the following slightly different control on b: 

b(t) = p£- t (l + o(l)) as t-T. (7.70) 

For k > 2, this follows directly from (|7.60p . We need to be more careful for 

k = 1. Indeed, STMh and (|7TH9ll imply: 



b(t) = 0(l)e-Vl lo g( T -*), (7.71) 
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but this together with (|7.69p is not sufficient to yield (|7.70j) . However, we compute: 



-bX t = b(t)X(t)+ / Xbt 



T 



b(t)X(t)+ / b s = b(t)X(t)+o 



where we used (|5.33p in the last step. Hence: 



T 



On the other hand, 
1 



(T~tW(t) 



b(t)X(t) 



b 2 -l 



b 1 = l + o(l) as t—*T. 



(7.72) 



< 



{T-t)V{t) 
1 



j T bb t {T-r) 
T b 2 b{T-r) 



We now observe from (|7.6ip that 

VrG [t,T), 

and hence (j7.73|) yields the bound: 



(T-t)tf(t)J t |logb| A(r) 



b 2 (r) <2 J 2 (t) 



dr. (7.73) 



|log6(r)| " |log6(t)| 



We now claim 

1 



b 2 -l 



1 



(T-t)\logb(t)\J t A(r) 
T b(T - r) 



dr. 



A(r) 



-dr = o(l) as t — > T. 



(T-t)\logb(t)\ 
Assume (j7775|l . then (17T72|) and ([T77ID yield 

6 2 = 6A(1 + o(l)) = (T — t)6 2 (l + o(l)) 



(7.74) 
(7.75) 



which implies (|7.70p . 

Proof of (|7.75|) : We compute: 



fe(r-r) 

A(r) 



T ^TTT^ dr = ( T " *)l°g*(<) " / T l °Z XdT - ( 7 - 76 ) 



We now substitute (|1.12p which implies 

logA(i) = log(T - 1) - V|log(T-t)| + 0(1) 
and derive from (|7.76p after some explicit integration by parts: 
" T b{T - r) 



A(r) 



-dr = 0((T -t)) as i — ► T. 



We hence conclude from (|7.71|) that: 

b(T-r) 



(T-t)\logb(t)\J t A(r) 
and (|7.75j) is proved. 



dr = o 



1 



|logfe(i)| 



o(l) as t — > T, 



step 3 Strong convergence of (w,dtw) in H. 
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We are now in position to conclude the proof of (|1.13j) which is a consequence 
of the sharp asymptotics (II. lip . (j!.12p and (|7.70j) and the control of the excess of 
energy (|5.34p . 

Statement f)l . 13|) is equivalent to the existence of the strong limit for (w(t), dtw(t)) 
in H as t — ► T. 

Let C be a cut-off function with £(r) = for r < 1 and £( r ) = 1 f° r r > 2 and 
let C-R( r ) = C(^ r )- The non-concentration of energy of the full solution u outside 
the origin is well known and follows by a simple domain of dependence argument 
combined with the results in [36]. Therefore, using the decomposition (|5.1ip we 
obtain existence of u*,g* such that 



Vi?>0, \\( R (w(t)-u*),( R (d t w-g*) 



n 



as t 



(7.77) 



The proof of the strong convergence (11. 13ft is now equivalent to the non-concentration 
of the energy for w or equivalently: 



E(u*,g*) = limE(w(t),d t w(t)). 



(7.78) 



Proof of (|7.78|) : We adapt the argument from [29J. For t £ [O.T) define 

R(t) = Bi(t)A(t). 

and 



Er(u,v) 



Cr 



v 2 + (d r u) 2 + k 



2 9 2 {u) 



Integrating by parts using the equation (|1.3I) . we compute: 



d 



E R {t){u{T),dtu{T)) 



< 



I R(r)<r<2R(t) 



(d tU ) 2 + (d r uf + k 2 



9 2 {u) 



~ R(ty 



where in the last step we used conservation of energy Integrating this from t to T 
using (|7.77p yields: 



\E R{t) (u* ,g*) - E m (u(t),d t u(t))\ 

We now observe from $T22D , ([77701) that: 

T-t b(t)(T-t) 1 



< 



R(t) \(t)Bi(t) 



as t->T. 



(7.79) 



A(t)fli(t) A(t) b^B^t) 

Letting t — > T in (|7.79p . we conclude: 

E m (u(t),d t u(t)) ^ E(u*,g*) as t - T. 
(|7.78l) now follows from: 

^ K (t)Ki),^))-^K*),^(i))^0 as t^T 
Indeed, observe that: 



\E m (u{t),d t u{t)) - E{w{t),d t w{t))\ 

J R(t)<r<2R(t) 

For the first term, we have from (|B.19p . (15, 29ft : 



(d t w) 2 + (d r w) 2 + k 



(7.80) 



r<2R(t) 



(d t w) 2 < R 2 {t) 



{d t wf 



< B\{t)S{t) 



|logb|- 
6 2 



as t -»• T. (7.81) 
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Similarily, from (1B.11|) : 



2r<2R{t) 



/* \2 , 9 2 {w) 

( 9 r W ) +—2~ 



< R 2 \logb\ 2 [ (VWf 

Jr<2R(t) 

. |log6| 4 



b 2 



!r<2R{t) 

-£(t) -> as t 



(7.82) 



This concludes the proof of (QUI) and (177781) . 

step 2 Proof of the quantization of the blow up energy (j 1.140 . 

From the conservation of the Hamiltonian: 

E = E{{P B -i)\ + w,d t [(P Bl )x + w\). 

We develop this identity. The construction of P B implies from direct check 

E((P Bl ) x ,d t [(P Bl )x])^E(Q) as 

and the crossed term is easily proved to converge to zero using (17.81(1 . (17.820 and 
the space localization of P Bl ■ 
(f7~78l) now yields (1T7141 . 

This concludes the proof of Theorem 11.11 



Appendix A. Inversion of H 

We formulate the following lemma about solutions of the inhomogeneous problem 
Hv = h with the linear operator 

,2f'(Q) 



H 



-A + k 



associated to Q. Hamiltonian H is a standard Schrodinger operator with the kernel 
generated by the H 1 scaling invariance: 

Ker(JT) = span(AQ), 

see [35 for a further introduction to the spectral structure of H. The following 
Lemma is elementary but crucial for the construction of Qi>: 

Lemma A.l (Inversion of H). For k > 4 let 1 < j < | — 1 and let hj(y) be a 
smooth function with 

(hj,AQ) = 0. 

and the following asymptotics: 

■ yfc( ej . + 0(y 2 )) as y^O 



hj{y) 



(^(1 + 4 + 0(4)) as y^+oo, 



f: 



(A.l) 
(A.2) 



Then there exists a smooth solution Hv-j + \ = hj with 

and the following asymptotics: 
(i) for j + 1< |, for < m < 2, 



d m v 



k—m 



'i+i 



dy r 



y 

I P3+ 1 dy m 



(aj+i,m + 0{y 2 )) as y 



i + ^ + o(^; 



as y — > +00, 



(A.3) 



(A.4) 
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(ii) for j + 1 = I with k even: 



[ y k (a J+1 + 0(y 2 )) as y -+ 0, 



as y —> +oo, 



For 1 < m < 2 



cP^+iCy) J y fc - m (oy+i,m + 0(y 2 )) as y -+ 

+ 0(- 

dy m y 



dy m \ Pj+ilj+i^^- + 0(-^) ^ y^+oo 



(A.6) 



Moreover, if 



J ky k - l {ej+0{y 2 )) as y -> 
= j ^(2i - fc)«£i(l + £ + 0(£)) as y _> +oo, (AJ) 

i/ien (IA.4j) . t) A.6[) hold form = 3. T/ie constants ay 4.1, ay+i^, 7i+l implicitly depend 
on dj,ej and /3j+i can 6e found from the relation: 

^ = "4(,- + l)(fc-(j + l))- (A ' 8) 

Proof. The proof relies on the accessibility of the explicit expression for the Green's 
function of -ff. 

step 1 Solving the linear equation. 

From (|1.4|) in the Wave Map case Q has the following asymptotics 

f 2y fe (l + 0(y fe )) as y^O, 
Q(y) = \ vr-A(i + 0( p as y ^oo. (A-9) 

and: 

f 2fcy fc (l + 0(y fc )) as y ^ 0, . , 

= { ^+0^)) -,1=0, (A10 » 

Similarly, in the (YM) case (k = 2, not covered by the Lemma) we find 

f (l + 0(y fc )) as y^O, 
g(y) = | (-1 + 0(4)) as^oo. ( A " U ) 



and: 



Let now 



J -2% fe (l + 0(y fc )) as y-0, 
J = AQ = \ -fl(l + 0(^)) as y-oc, ^ 12 ) 



r(y) = J(y) 



'1 xJ 2 (s) 

be the other (singular) element of the kernel of H, which can be found from the 
Wronskian relation: 

T'J-TJ' = -. (A.13) 

y 

From this we can easily find the asymptotics of T: 

{ -77+^(1 + 0{y k )) as y^O, 

r (^)= J^Vnf^ (A " 14) 
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in the (WM) case. In the (YM) case 



r(y)= ? , J i (A.15) 



? (l + 0(4)) as y^oo, 



Using the method of variation of parameters and f)A. 13|) . we find that a solution to 
Hvjj + i = hj is given by: 



Wj + \{y) = T(y) J hj(x)J(x)xdx — J(y) J hj(x)T(x)xdx. (A. 16) 

Step 2 Asymptotics of Wj + \. 

We compute the asymptotics of Wj+i near +oo. In what follows we restrict our 
analysis to the (WM) case. For the first term in (|A.16|) . we use (|A.lj) . (IA.2j) to 
derive: 

ry r+°° 
T(y) I hj(x)J(x)xdx = —T(y) / hj(x)J(x)xdx 

JO Jy 

y k Ln/ 1 ^ r°° k d J x2j fi , U , ^ 1 



2k 2 \ ^y k /J„ x k x k \ x 2 ^x 3 



cfcc 



4fc(fc-(i + l)) y fc ^ y 2 V7 

In the above /-^ is a constant dependent only on fj, k and j. 
For the second term, we estimate 

- -2^( i+o (?»)r^ +i ( i+ ^ +o (^) fc 

and ([Al4jl . f[AT5|) and (|A~8|) follow for y +00. 

We compute the asymptotics of Vj+i near the origin. First, 

ry 1 

r(y) / h j (x)J(x)xdx = nr^( 1 + C(y fc )) / xe jX k kx k (l + 0(x 2 ))dx 

Jo 2£^y fc J 



= y k (0( y 2 )) 

For the second term in ()A. 16|) . 



-J(y) / h j (x)T(x)xdx = ky k (l + 0(y k )) j ej x k x^j:(l + 0(x 2 ))dx 



^y k 

2k y 



1 
1 

(x + 0(x 2 ))dx + 0(y 2 ) 







and (|A.4|) and t) A.5[) follow for Vj+i as y — » 0. 
step 3 Estimates for the derivatives. 



S3 



For 2j < k — 2, the estimates for the derivatives (1A.4|) are derived similarily and 
left to the reader. For k even and j = | — 1, there holds an extra cancellation as 
y — > +00 leading to (IA.6j) which we now exploit. Indeed, 



3 

For the first term 



+00 py 

w'j + i(y) = — r' (y) j hj(x)J(x)xdx — J' (y) / hj(x)T(x)xdx. 

y Jl 



-T\y)J^h ]{ x)J { x)xdx = -^(l + 0(^))^ +0 °^^(l + A + 0(i)) 



^ / f (2) 1 



Similarly, 

-A?/)/ h J (x)H(x)xdx = -^[l + ( ¥ )j / ^_^l + (_)jcfa 



2ky y y 2 y* J ' 

resulting in the cancellation leading to tj A.6|) . The constants depend only 

on fj , fc and j . 

The second derivative w'j +1 is estimated using the equation and the asymptotics 
for (wj+i,w'j +1 ), this is left to the reader. 

step 4 Satisfying the orthogonality condition. 

We now let 

^ = " (AQ,XmAQ) AQ 
so that (|A.3p is satisfied. Moreover, L(AQ) = implies Lvj+i = Lwj + \ = fj. It 
now remains to observe from (|A.10p that the behavior of v j + \ near the origin and 
+00 is the same as of Wj + \. 

This concludes the proof of Lemma I A. It □ 



Appendix B. Some linear estimates 

Lemma B.l (Logarithmic Hardy inequalities). MR > 2, \/v G H^ ad (M. 2 ), there holds 
the following controls: 

Jy<R r(l + |logy|) 2 J V<R 



\Vv 



\v\l~ { i< y < R) < j i<y<2 \v\ 2 + R 2 J ^ydy, (B.2) 

f \v\ 2 ydy < R 2 ( [ \v\ 2 ydy + logi? f \Vv\ 2 ydy] , (B.3) 

Jy<R \Jy<2 Jy<R J 



\v\ 2 



—ydy < / \v\ ydy + logi? / \Vv\ ydy. (B.4) 



I ^-ydy < logfl f \v\ 2 ydy + log 2 R [ \Vv\ 2 ydy. (B.5) 

Jy<2R V Jy<2 Jy<2R 
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Proof. Let v smooth. To prove (|B,lj) . let f(y) = — ^(l+lTogCy)!) so tnat V ' / 
y ^(i+\\o gy \)^ ' and mte g rate b y P arts to get: 



M 2 



e<y<R y 2 ( l + l lo gy|) 2 Je<y<R 



ydy = I H 2 V • fydy 



\v\ 2 



l + |log(y)| 



R , 1 



e 



+ 2 / vdyv 7-ydy 

y <R y(l + |logy|) 



v(e)\ 2 ( f |i>' 2 



l + |loge| \Jy<R y 2 (1 + |logy|) 2 / V7j/<fl 



1 i 

2 / f „ \ 2 



On the other hand, 

2 

|2 <- L,/i\|2 



i«(e)r <KQr+ 

and hence: 



/ < |w(l)| + |loger| /" \Vv\ 2 ydy 

Je<y<i J Jy<R 



<y<i J Jy<R 

|u(e)| 2 f 

limsup — — ,</ \Vv\ 2 ydy. 

£ ^o 1 + loge J V<R 



+o 1 + I loge | ~ J y <R 
Injecting this into (lB~6l) and letting e -> yields (lB~il . To prove (lB~2l) . let y G [1, 2] 
such that 

Kyo)l 2 < / M 2 y*/- 

Jl<y<2 



Then: Vy e [1,12], 

p f r \Vv\ 2 ^ ^ 

Kz/)l = K2/0) + / u (r)rfr| < |w(yo)| + R [ — — ydy 

J yo \J y 

and (|B,2|) follows. Similarity, 



Ky)| = \v(y ) + / u'(r)dr| < \v(y )\ + ( / \Vv\ 2 ydy) y/logR, 
Jyo \Jy<R J 

and pO]) . (lB~4l) follow by squaring this estimate and integrating in 12. Finally, 
(lB~5ll follows from (TO) by summing over dyadic l?-intervals. □ 

Lemma B.2 (Hardy type estimates with A). Let M > 1 /jsed T/ien £/iere e:cis£s 
c(M) > such that the following holds true. Let u £ H 1 with 



(u,xmAQ) = 0, 



then: 
(i) 



(ii) if 



then: 



(Hi) if 



J (Vl 2 + ^r) < °( M ) J \M 2 (B.7) 



M 2 f |Vn| 2 

+ / L ~ 1 L < +oo; B.8 

y 4 J y 2 

|Vu| 2 f\u\ 2 llAnl 2 . . 

/ PFrfb? + /i^°)i 2 < + °°- < B -«» 



85 



then: 



I 



\Vu\ 2 t f \u\ 2 



< c(M) 



y 2 (l + |logy|) 2 J y\l + |logy|) 2 
\Au\ 2 



+ / \V(Au)\ 2 ydy 



y 2 (l + y 2 ) 

< c(M)\A*Au\ 2 L2 . (B.ll) 

Remark B.3. The norm (IB.8j) is finite for u = w for k > 2. For k = 1, the finitness 
of the W 2 norm implies that 

-,V(Atu) G F 1 

y 

and hence the norm (|B.10[) is finite using (|B.1[) . 

Proof. (|B.7p is equivalent to (|2.10p ie the coercitivity of the linearized energy. The 
proof of the global Hardy type inequality (|B.9p . (jB.lip with c(M) follows as in 
Rodnianski-Sterbenz' [3l] Appendix for k > 3. The cases k = 1,2 require some 
more attention. We treat k = 1 which is the most delicate case and leave k = 2 to 
the reader. 

We claim the key subcoercivity property: 

|2 



> c 



\d y u\ 2 f \u\ 2 f \u\ 2 



+ 



(B.12) 



y 2 (l + |logy|) 2 J y 4 (l + |logy|) 2 J 1 + y 5 

Assume (|B.12p . then ()B.lip follows by contradication. Let M > fixed and consider 
a sequence u n such that 

/1 '11 I /" I I 2 
27T-TTT h2 + / 4n ' m hi = !i K' XmAQ) = 0, (B.13) 
y 2 (l + |logy|) 2 J y 4 (l + |logy|) 2 

and 

\ Au n\ 2 + / | V (^ n )| 2 < (B.14) 



y 2 (l + y 2 ) J n 
then by semicontinuity of the norm, u n weakly converges on a subsequence to Uqo G 
iJ^ oc solution to Auoc = 0. tioo is smooth away from the origin and hence the explicit 
integration of the ODE and the regularity assumption at the origin Mqo G Hj oc 
implies 

Moo = OiKQ. 

On the other hand, from the uniform bound t|B. 13[) together with the local com- 
pactness of Sobolev embeddings, we have up to a subsequence: 

/ T~T~^ ^ I T~7^~5 and On,XAfAQ) -> («oo,XmA(5). 

J i + y b J l + y 

We thus conclude that 

a(AQ,XM^-Q) = ("UocXmAQ) = and thus a = 0. 
On the other hand, from the subcoercitivity property (1B.12|) and (|B,13|) . (|B.14I) 



|aq| 2 = r \u, 12 

l + y 5 J 1 + y 5 



or \ ' = / ' > C > and thus a / 0. 



A contradiction follows. Finally, the last step in (|B.lip is a direct consequence of 
(|2.16j) ie the structure of the conjuguate Hamiltonian H . 
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Proof of (|B.12|) : Let a smooth cut off function x{v) = 1 for y < 1, x{u) = for 
y > 2, and consider the decomposition: 

u = u\ + u 2 = xu + (1 - X u )- 

Then from (iRljl : 



\Au\' 



y 2 (i + y 2 ) 

For the first term, we rewrite: 



\Au\ 2 f \A Ul \ 2 



+ 



\Au\' 



y 2 (i + y 2 



> 



> c 



+ 2 



\ydy[T 12 



y2(1+y2) y2(l + | logy |)2 

(A Ul )(Au 2 ) 

y 2 (i + y 2 ) 

|y(l)_l|2 



(B.15) 



u 



l<y<2 



where in the last step we integrated by parts the quantity: 

(Au 1 )(Au 2 ) = (xAu-x'u){(l-x)Au+x'u) > x(Au)x'u-x'u(l-x){Au)-(x') 2 u 2 . 
We hence conclude from \ V^\y) — 1| < y for y < 1 and the Hardy inequality (|B.ip 



applied to ^ that: 



/ 



\Au\ 



y 2 (i + y 2 ] 

Similarily we estimate: 
\Au\ 2 



y 2 (l + |logy|) 2 



> 



> C 



> C 



> c 



\Au 2 \ 2 



y 4 (l + |logy|) 2 Jy < 2 
(A Ul )(Au 2 ) 



(B.16) 



2/2(1 + |logy|) 2 
1 



+ 2 



y 2 (l + |logy|) 2 



y 2 (l + |lo gy |) 2l ^ 2+ 2/' 



|yw + i| 2 

2/2(1 + |log2/|) ; 



■H 2 -/ 



l<J/<2 



| ^,1*2 1 1 



+ 



l n 2| 



2/2(1 + |log2/|) 2 7 2/ 4 (l + |log2/|) 2 7 2/ 6 (l + |log2/|) 2 . 

where we integrated by parts for the last step and used the bound \ V^(y) + 1| < 4y 
for 2/ > 1. fBTTSjl . (fE~T6D and (fB~T7l) imply: 



(B.17) 



2/2(1+2/2) 
This implies using again fjB . 1 [) : 



\dyU\ 2 



2/2(1 + |log2/|)2 



< 



< 



2/ 4 (l + |log2/|) 2 
\Au\ 2 



u ■ 



+ 



2/2(1 + |log2/|)2 7 2/ 4 (l + |log2/|) 2 



u 



(B.18) 



|V(^n)| 2 + 



+ 



2/2(1 + 2/2) 7 1 + 2/ 5 

which together with (|B.18p concludes the proof of (|B.12p . 
This concludes the proof of Lemma fB.2[ 

Lemma B.4 (Control of the dt derivative). There holds: 

\d t w\ 2 



\vd tW \ 2 + j 



< C(M) 



(d t W) 2 + J \A\W\ 2 



□ 



(B.19) 
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Proof. We compute from (12.71) : 

d t W = A(d t w) + 

and hence: 



dtVj^w 



J (Ad t wf < J (d t W) 2 + J (^^) 2 . (B.20) 
We now recall the following coercitivity property of the linearized Hamiltonian: 



J (Ad t wf > c(M) (J \Vd t w\ 2 + J ■ 



\d t w\ 2 \ 1 



r 2 J c(M)A 4 
From the choice of orthogonality condition (I5.12p : 



(d t w, (xmAQ)a) 



2 



|(^,(xmAQ) a )| = \(w,d t ((xMAQ) x ))\ = j\(w,(A( X MAQ)) x )\ 



■2 



< c(M)b\ / \e\ 2 

\Jy<2M 

Combining this with (|B.20|) and the pointwise bound (|6.18|) yields: 

12/- h2 r r y 4 

lj/<M + 



y2(l +y 8) 



(B.21) 



< 



\e\ 2 

y 4 (l + |logy| 2 ) 



We then estimate from (IB.11|) : 

[ \ e \*\i yA 

J i^i [ w + ^r^sy 

<C(M) /" \A*Ae\ 2 = X 2 J \A*W\ 2 , 
which together with (|B.2ip concludes the proof of ()B.19|) . □ 
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